UNIT I: MATRICES
PART A:

1. Define characteristic equation, Eigen values and gives another name for Eigen values.
Answer:

Characteristic equation:

If ‘A’ is any square matrix of order ‘n’, then |A- ,11| =0 is called the characteristic equation of ‘A’
Eigen values:

The roots of characteristic equation are called the Eigen values.
Another name for Eigen values:

e Characteristic roots.

e | atent roots.

2. State Cayley — Hamilton theorem and give two uses of Cayley — Hamilton theorem. [v ex]

[A/M 2008 R2008] [M/J 2010 R2008] [N/D 2014 R2013] [A/M 2015 R2008]
Answer:

Cayley — Hamilton theorem:

Every Square matrix satisfies its own characteristic Equation.
Uses:

Cayley — Hamilton theorem is useful to find the following
e Inverse of matrix.

e Powers of matrix in terms of the lower powers of the matrix.

2
3. Using Cayley Hamilton theorem, find the inverse of the matrix A= { } [B]

1
-5
2 1
Let A=
1 -5

S; = Sum of diagonal elements

Solution:

=2-5
S,=-3
Sz =[A|

_‘2 1‘

1 -5

=-10-1

The characteristic equation is 4% - S14A+8,=0



22 (-3)a+(-11)=0

J2+31-11=0

By Cayley — Hamilton theorem, A2 +3A-111=0

Multiply by A™
AlAZ+3aTA-11AT =0
A+31-11A1=0 [-A*A=1ANdA =A"]

A+3l =11A1
11A7 = A+ 31
4 [2 1] J1 0
11A1 = +3
1 5] T[0 1
4 [2 17 [3 0
11A1 = +
1 5] |0 3
4 _[2+3 1+0
11A1 =
| 1+0 -5+3
N
11A1 =
_1 -2_
A1:i5 1_
1)1 -2]

10
4.1f A= { 5} , express Ain terms of Aand I, using Cayley — Hamilton theorem. [B]

Solution:
10
Let A=
4 5

S; = Sum of diagonal elements

=1+5

Sz =|A|

110
|4 5
=5-0
SZ =5
The characteristic equation is a2 - S14A+8,=0

2 _61+5=0



By Cayley — Hamilton theorem, A% -6A+51 =0

Multiply by A
A3 -6A%2+5A=0
A3 =A% -5A

A®=6[6A-51]-5A {-- A”-6A+51 =0= A =6A-5I |

A3 = 36A-30I -5A

| A% = 31A- 301

5. Define Eigen values and Eigenvector of a matrix. Also write properties of Eigen values.
Answer:

Eigen values and Eigenvector:

Let A be a square matrix. If there exists a scalar A and a non zero column vector X such that AX =
AX, then A is called Eigen value of A and X is called Eigenvector of A.
Properties of Eigen values:

1. Sum of the Eigen values = Sum of the main diagonal elements [Trace]
2. Product of the Eigen value = |A|, where A is the given matrix
3. Eigen values of A" =Eigen values of A [Here A is a square matrix]

4. In a triangle matrix, the Eigen values are diagonal elements.

7 -2 0
6. Find the Eigen value of amatrix [ -2 6 -2 | corresponding to the Eigen vector [-4 -2 4]T
0 -2 5
[N/D 2015 R2008][A/M 2017 R2008]
Solution:
7 -2 0 -4
Given A=|-2 6 -2jand X=|-2
0 -2 5 4
AX =X
7 -2 o4 -4
2 6 -2|-2|=4|-2
0 2 5|4 4
28+ 4+0=-42
-24 = -4,
ﬁ: Vi
-4
6=1

A=6



3
7. Obtain the Eigen values of A3 where A = L 2} [B]

Solution:

S, = Sum of diagonal elements
=3+2

Sy =|A|

.
1 2
=6-2
S,=4
The characteristic equation is A - S1A+8,=0
i2-50+4=0
(A-1)(2-4)=0
A=1,A=4
The Eigen values of A=1,4

The Eigen values of A® =1%,4% =164

8. If A is an Eigen value of a square matrix A, prove that kA is an Eigen value of KA . [M/J 2012 R2008]

Answer:
Given A is an Eigen value of a square matrix A

=>AX =4Xand X =0
=>k(AX)=k(iX)
= (kA)X = (ki) X

Hence kA is an Eigen value of KA.

1
9. If A is an Eigen value of a square matrix A, prove that; is an Eigen values of Al

(Or)

If A is an Eigen value of a non-singular matrix A, show that 2 tisan Eigen values of Al
[BI[G] [M/J 2012 R2008][N/D 2014 R2008] [N/D 2014 R2013]

Answer:
Given A is an Eigen value of a square matrix A



=>AX=/4Xand X =0
=At(Ax)= At (2x)
:>(A'1A)x =241x
SIX=41X [-Aata=1
> X=241X

lx-atx
J)
~alx=1x
2

1. . .
Hencez is an Eigen value of A

10. If A is an Eigen value of a square matrix A, prove that A%isan Eigen values of AZ,
[M/J 2014 R2008] [Jan 2014 R2013][M/J 2016 R2013]
Answer:
Given A is an Eigen value of a square matrix A
=>AX=4Xand X 0
= A(AX )= A(2X)
=(AA) X = 2(4X)
= A2X = A(4X)
= A2X =2(iX) [ AX =iX]
= A’X = 22X

Hence A% is an Eigen value of A%,

11. Prove that any square matrix A and its transpose A" have the same Eigen values. [G]

(On)
Prove that A and A" have the same Eigen values. [v ex]
Answer:

Characteristic equation of A=|A- I
- . T
Characteristic equation of AT = [|A-a1]]
=|AT -1 |

=|A- a1 { o] dT| = |4l ana |17|=|r]



= The characteristic equation of A

Therefore Characteristic equation of A = Characteristic equation of AT

Hence Eigen values of A = Eigen values of AT

12. Prove that the Eigen values of a triangular matrix are just the diagonal elements of the matrix. [G]

Answer:
a11 812 - 4p
Let A= 0 a?z . a?n be any triangular matrix.
0 0 .. an
|A-iI|=0
a1 -4  ayp .. 4y
(? a22‘ -2 a?n o
0 0 . oay-i

(aq1 - 2)(azp - 2) (- 2)= 0

a1 -A=0,ayy -A=0ycttyy -A=0

lagy =4

s (@22 =2 ,...|ann =}»|

Hence the Eigen values of a triangular matrix are just the diagonal elements of the matrix.

13. Prove that the characteristic roots of an idempotent matrix are either zero or unity. [B] [G]
Answer:

Given A is an idempotent matrix = A’=A
Let A be an Eigen value of a square matrix A
=>AX=4Xand X #0

= A(AX)= A(AX)
=(AA)X = 1(A4X)

= A*X = 2(2X)
=>AX=2°X | A% =4
=X =2°X {-AX=)X)
=2=2°

=1-2°=0

=(1-2)=0

=>i=0,1-1=0



=>Ai=01=1

2 2 -3
14. Find the Sum and product of the Eigen values of the matrix A=| 2 1 -6 |[M/J 2014 R2008]
-1 -2 0
Solution:
2 2 -3
LetA=|2 1 -6/|.
-1 -2 0
Sum of the Eigen values = Sum of the main diagonal elements
=-2+1+0
=-1

Product of the Eigen value =|A|

2 2 -3
=2 1 -6
-1 -2 0
1 -6 2 -6 2 1
-2 +(-3)
-1 0 -1 -2

=-2
‘-2 0

=-2[0-12]-2[0-6]-3[-4+1]
=45

15. If the sum of two Eigen values and trace of 3x3 matrix A are equal, find the value of |A|. [v ex]
[A/M 2008 R2008][M/J 2009 R2008] [N/D 2016 R2013]

Solution:
Let 4,4,,43 be the three Eigen values of the matrix A.

Given 4, + 4, = trace of a 3x3 matrix A
4, + 4, = Sum of the main diagonal elements
A, + 4, = Sum of the Eigen values

)»1 +22 =)“l +}»2 +),3

}»3=0

WKT, Product of the Eigen value =|A|

|A| = Product of the Eigen value



|Al=21.2,.0 {23 =0}
[Al=0
6 -2 2
16. The product of two Eigen values of the matrix A=| -2 3 -1 is 16. Find the third Eigen value.
2 -1 3

[Jan 2012 R2008] [N/D 2013 R2007][Jan 2014 R2008] [M/J 2016 R2008, R2007] [N/D 2016 R2008]

Solution:
6 -2 2
GivenA=|-2 3 -1
2 -1 3

Let 4,4,,43 be the three Eigen values of the matrix A.
Given ].1.].2 =16

WKT, Product of the Eigen value =|A|

A dp.dz =|A|
6 2 2
}“l .)Q ./13 =|-2 3 -1
2 -1 3

1643 =6[9-1]-(-2)[-6 +2]+2[2-6]
1643 = 32
i3 =2|.
8 6 2

17. Two Eigen values of the matrix | -6 7 -4 | are 3 and 0. What is the third Eigen value and |A|?
2 -4 3

[A/M 2017 R2013][A/M 2018 R2017]
Solution:
8 6 2
Given A=|-6 7 -4
2 -4 3
Let 4;,4,,43 are the Eigen values of A.
Given 4 =3,2, =0
Sum of the Eigen values = Sum of the main diagonal elements
M+l +i3=8+7+3
3+0+3=18

Jg=18-3



|A| = Product of the Eigen values = 3x0x15 =0

1 2 3
18.1fA=|0 4 5/, then find the Eigen value of A and A3 [A/M 2015 R2008]
0 0 6

Solution:

Given matrix is triangle matrix.

.. Eigen values of A=1,4,6

Eigen values of Al=114161= 1 ,1 ,1

146

Eigen values of A3 =13 43 63=164,216

3 1 4
19. Find the sum, product and sum of the squares of the Eigen valuesof A=|{0 2 6| [vex]
0 0 5
[M/J 2013 R2008] [A/M 2018 R2008]
Solution: Given matrix is triangle matrix.

~.Eigenvaluesof A=3,2,5
Sum of Eigen values of A = 3+2+5 = 10.
Product of Eigen values of A = 3x2x5 = 30.

Sum of the squares of the Eigen values of A =3° +22+5=9+4+25=38

20. If 2, —1, —3 are Eigen values of the matrix A, and then find the Eigen values of A% -21.
[M/J 2014 R2013][N/D 2015 R2008] [A/M 2017 R2008]
Solution:
Eigen values of A=2,-1,-3
Eigen values of A2 -2 = (2)2 -2, (-1)2 -2, (-3)2 -2
=2,-17

21. If the Eigen values of the matrix A of order 3x 3 are 2, 3, and 1, then find the
Eigen values of adjointof A.  [Jan 2014 R2013] [M/J 2016 R2013]
Solution:
Eigen values of A=2,3,1

Eigen values of adj A = Eigen values of |A| Al

=6.27",63"1617" {|Al=2x3x1=6}

Aol



=3,2,6

22. Show that the Eigen values of a null matrix are zero. [A/M 2018 R2017]

Answer:
00 .. O0
) 0
Let a null matrix A= . .
00 .. O0

Characteristic equation|A- 1| =0
0-24 0 .. 0
0O 0-4 .. 0
) . . . |=0
0 0O .. 0-4

()" -

1 0
23.CanA= [0 J be diagonalized. Why? [Jan 2010 R2008][Jan 2012 R2008]
Solution:
Yes, A can be diagonalized because Eigen values of A are 1, 1.
We can find distinct Eigen vector for 1, 1

24. State the condition for a quadratic form to be positive definite, positive semi definite,

Negative definite, negative semi definite and indefinite [v ex]

Solution:
Condition Nature
All the Eigen values are positive. Positive definite
All the Eigen values are positive and at least one of the Eigen value is 0. Positive semi definite
All the Eigen values are negative. Negative definite
All the Eigen values are negative and at least one of the Eigen value is 0. Negative semi definite
Positive as well as negative. indefinite

25. Write down the matrix of the quadratic form 2x12 + 5x22 +4X1 X5 + 2X3 X1 . [N/D 2016 R2013]
Solution:

Given Equation, 2x12 + 5x22 +4X1 X9 + 2X3X



1 1
coeff x12 Ecoeff X1 X2 Ecoeff X1X3

. 1 1
Matrix A = Ecoeff X1Xo  coeff x22 Ecoeff X9 X3

%coeff X1X3 %coeff XoX3  coeff x32

_ L TR
2 =(4) =(2
2(4) 5(2)
1 1
A=|=(4 5 =(0
>(4) 2(0)
1 1
=(2) =(0 0
5 50 o
2 2 1
A=|2 5 0
11 00
0 5 -1
26. Write the quadratic form for the matrix| 5 1 6 |.[M/J 2012 R2008][N/D 2013 R2007]
-1 6 2
Solution:
Xp X2 X3
X1 0 5 -1
Given x,|5 1 6
X3 -1 6 2

QF = OX:I_2 + 1X22 + 2)(32 + 5X1X2 - 1X1X3 + 5X1X2 + 6X2X3 - 1X1X3 + 6X2X3

= X22 + 2X32 + 10X1X2 - 2X1X3 + 12X2 X3

27. Discuss the nature of the following Quadratic form 2x% + 3y2 +27% + 2xy
[Jan 2014 R2008] [N/D 2016 R2008]

Solution:

Given Equation, 2x?2 + 3y? + 222 + 2xy

coeff x? lcoeff Xy %coeff XZ

The matrix of the Q.F = %coeff Xy  coeff y2 %coeff yz

lcoeff Xz %coeff zy  coeff 22



2 —(2) =(0
~(2) 5(0)
1 1
= =(2 3 —(0
~(2) ~(0)
1 1
—(0) =(0 2
50) 50
2 1 0
=1 3 0
0 0 2
To find the nature:
Dl = |2| =2 [+V9]
D =2 1-6—1—5 +ve
2=l 5=6-1=5 [+w]
210
D;=|1 3 0:2(6-0)-1(2-0)+0(O-O):10[+ve]
0 2

The quadratic form is positive definite.

28. Determine the nature of the Quadratic forms 5x12 + 5x22 + 14x32 + 2X1 X9 - 16Xy X3 - 8x3Xq Without

reducing them to canonical form: [v]

Answer:

Given Equation 5x12 + 5x22 + 14x32 + 2X1 Xy - 16X) X3 - 8X3 X

1 1
coeff x12 Ecoeff X1 X2 Ecoeff X1X3

Matrix A= lcoeff X1Xp  coeff x22 %coeff X9 X3

1 1
—coeff Xx;X3 Ecoeff XoXgz  coeff x32

_ . 1 _
5 —(2 —(-8
@ 509
1 1
=/ =(2 5 —(-16
2(2) ~(-16)
1 1
—(-8) =(-16 14
5(8) 5(18) 14|
5 1 -4
Matrix A=|1 5 -8
-4 -8 14

To find nature:

D; =|5/=5 [+ve]

1
5‘= 25-1= 24 [+ve]



5 1 -4
D3= 1 5 -8
4 -8 14
5 -8 1 -8 1 5
R Y
8 14| -4 14 -4

=5[70-64]-[14-32]-4[-8+ 20]
=5[6]-[-18]-4[12]
=30+18-48

D3 =0

Nature = Positive semi definite.

29. Find the nature of the quadratic form

Solution:

Coeff x?2

The matrix of the Q.F

1
—Coeff yx
5 y.

1Coeff ZX
2
1
1 =2
2( )
== 5

1
5@

w

= O
[

To find nature:

Dy =[1=1 [+ve]

! =5-1=4 [+ve]

O

w

1l
= g e
P =W

x2 + 5y2 +2% + 2Xy + 2yz + 62X [G]

1

—Coeff x

> y
Coeff y?

1

—Coeff z

> y

L
5©)
1

5@

1

1Coeff XZ
2
%Coeff yz

Coeff z2




F w ‘1 w ‘1 1
=1 -1 +3
15 713 1 13 1
=[5-1]-[1-3]+3[1-15]
=4+2-42

=-36 [-ve]

Nature = Indefinite.

-1 0 0
30. Give the nature of the quadratic form whose matrixis| 0 -1 0 | [A/M 2015 R2013]
0 0 -2
Solution:
Given matrix is triangle matrix.
.~ The Eigen valuesof A =-1,-1,-2
Nature = Negative definite.
PART B:
1 2 -2
1. Verify Cayley — Hamilton theorem and hence find Aland A%ifA=|-1 3 0. [B] [Jan 2014 R2013]
0 -2 1
Answer:

To find Characteristic equation:

S; = Sum of diagonal elements
=1+3+1
Sl =5
S, = Sum of minor of diagonal elements
3 0 11 -2 |1 2
= + +
-2 1 |0 1] |11 3

=[3-0]+[1-0]+[3+2]

=3+1+5
S3=|A
1 2 -2
=1 3 0
0 -2 1
3 0 |1 0 103
15 1o 1l 3
2 1 o 1 0 -2

=[3-0]-2[-1-0]-2[2-0]



The characteristic equation is|4° - Sl,lz +85,4-83=0

13-.5224+91-1=0

By Cayley — Hamilton theorem, A3 -5A2 +9A- | =0

Verification:
A% = Ax A
(1 2 271 2 -2
A2=-1 3 0lx/-1 3 0
0 -2 1|]0 -2
[1-2+0 2+6+4 -2+0-2
A%2=|-1-3+0 -2+9+0 2+0+0
04240 0-6-2 0+0+1
(-1 12 -4
A’=|-4 7
|2 -8
A3 = Ax A2
(1 2 2] [-1 12 -4
Al=l-1 3 0lx|-4 7 2
0 2 1]|2 8 1
[-1-8-4 12+14+16 -4+4-2
A3=[1-12+0 -12+21+0 4+6+0
_O+8+2 0-14-8 0-4+1
(13 42 -2
Ad=|-11 9 10
10 -22 -3
13 42 -2 1 12 -4 1 2 -2
Now A3 -5A2+9A-1=|-11 9 10(-5|-4 7 21(+9/-1 3 0
10 -22 -3 2 8 1 0 2 1
13 42 -27[-5 60 -20] [9 18 -18
=|-11 9 10|-|-20 35 10 |+|-9 27 O
10 22 -3||10 -40 5 0 -18 9
13+5+9-1 42-60+18-0 -2+20-18-0
=|-11+20-9-0 9-35+27-1 10-10+0-0
10-10+0-0 -22+40-18-0 -3-5+9-1
000
000
000

-10

0
1
0

1

-10

0

o O

o - O



To find A™L:

A3 -5A%2 +9A-1=0

Multiply by A™

ALA% 5a a2 roala- At =0

A% -5A+91-Al=0

A2 -5A+91 = Al

Al=72 5a+9]

1012 4] [1 2 -2 100
Al=la 7 -5/-1 3 0[+9/0 1 0
2 8 1| |0 2 1 00 1
-1 12 4] [5 10 -10 9 00
Al=la 7 /-5 15 0 [+|0 9 0
2 8 1]|0 -10 5 00 9
[-1-5+9 12-10+0 -4+10+0
Al=|4+5+0 7-15+9 2-0+0
| 2-0+0 -8+10+0 1-5+9
3 2 6
Al={1 1 2
2 25
TofindA4:
A3-5A2+9A-1=0
Multiply by A
A% -5A%+9A% - A=0
A% =5A3 _9AZ + A
43 42 2 1 12 471 2 =2
A*=5/-11 9 10(-9|-4 7 2|+|/-1 3 0
10 -22 -3 2 8 1|0 2 1
(65 210 -10] [-9 108 -36] [1 2 -2
A*=|55 45 50 |-|-36 63 18 |+|-1 3 0
|50 -110 -15| |18 -72 9 0 2 1
[-65+9+1 210-108+2 -10+36-2
A*=|-55+36-1 45-63+3 50-18+0
| 50-18+0 -110+72-2 -15-9+1
55 104 24
A*=-20 -15 32
32 -40 -23




N N W

1 7
2. Verify Cayley —-Hamilton theorem for the matrix A=|4 3 |and also use it to find Aland A*. V]
1 1

[N/D 2011 R2008] [A/M 2015 R2008] [N/D 2016 R2008]
Answer:

To find Characteristic equation:

S, = Sum of diagonal elements
=1+2+1

S, = Sum of minor of diagonal elements

‘2 3‘ ‘1 7‘ ‘1 3‘
= + +

2 1 1 1 |4 2
:[2-6]+[1-7]+[2-12]
=-4-6-10

S3=|Al

137
=4 2 3
121

‘2 3‘ ‘4 3‘ ‘4 2‘
=1 -3 +7

2 1 1 1 1 2
:[2-6]-3[4-3]+7[8-2]
=-4-3+42

S3=35

The characteristic equation is| 43 - 51/12 +85,4-83=0

22432 +(-20)2-35=0
B-42-200-35=0

By Cayley — Hamilton theorem, A3 - 4A% - 20A-351 =0

Verification:



A% = Ax A

1 3 771 3 7
A2=4 2 3|x|4 2 3
12 1|1 21
[1+12+7 3+6+14 7+9+7
A2=| 4+8+3 12+4+6 28+6+3
| 1+8+1 3+4+2 T7+6+1
20 23 23
A%=[15 22 37
(10 9 14
A3 = Ax A2
(1 3 7 20 23 23
Ad=|4 2 3|x|15 22 37
12 1| |10 9 14
[20+45+70 23+66+63 23+111+98
A3=|80+30+30 92+44+27 92+74+42
|20+30+10 23+44+9 23+74+14
(135 152 232
A3 =140 163 208
60 76 111
135 152 232 20 23 23 137 1.0 0
Now A2 -4A% - 20A-351 =140 163 208 |-4|15 22 37|-20{4 2 3[-35/0 1 O
60 76 111 10 9 14 1 2 1 00 1
135 152 2327 [80 92 927 [20 60 1401 [35 0 O
=|140 163 208|-|60 88 148|-/80 40 60 |-| 0 35 O
60 76 111| |40 36 56| |20 40 20| |0 O 35
[135-80-20-35 152-92-60-0 232-92-140-0
=| 140-60-80-0 163-88-40-35 208-148-60-0
| 60-40-20-0 76-36-40-0 111-56-20-35
0 0 0
=0 0 0
0 0 0
=0
To find A™L:
A3 Z4A% -20A-351 =0
Multiply by A™
ATAS _an1a? -20Aa1A-35AT1 =0

A% -4A-201-35A1 =0



A2 -4A-201 = 35AL
35A1 = A2 Z4A- 201

(20 23 237 [1 3
35A =15 22 37|-4/4 2 3|-20|/0
(10 9 14| |1 2 1 0 0
(20 23 2374 12 28][20 0 O
35A1=15 22 37|-|16 8 12|-|0 20 O
10 9 14| |4 8 4]|0 0 20
[20-4-20 23-12-0 23-28-0
35A1=|15-16-0 22-8-20 37-12-0
10-4-0  9-8-0 14-4-20
(-4 11 -5
35Al=|1 6 25
6 1 -10
. 4 11 5
A'1=g 1 6 25
6 1 -10
To find A% :
A3 -4A% -20A-351 =0
Multiply by A
A% -4A3 -20A% -35A=0
A% = 423 + 20A2 + 35A
135 152 232 20 23 23 1 3 7
A%=4140 163 208 |+20{15 22 37|+35/4 2 3
60 76 111 10 9 14 1 2 1
(540 608 9287 [400 460 4607 [35 105 245
A*=[560 652 832 |+|300 440 740 [+|140 70 105
(240 304 444| |200 180 280| [35 70 35
[ 540+ 400+35 608+460+105 928+ 460+ 245
A4= 560+ 300+ 140 652+440+70 832+740+105
_240+200+35 304+180+70 444+ 280+ 35
975 1173 1633
A% =|1000 1162 1677

475 554 759




2 -1 2
3. Verify that the matrix A=| -1 2 -1 |satisfies its characteristic equation. Also find Aland A%, [v]
1 -1 2
[M/J 2010 R2008][M/J 2013 R2008][N/D 2013 R2007] [N/D 2014 R2013][A/M 2017 R2013]
Answer:

To find Characteristic equation:

S, = Sum of diagonal elements
=2+2+2
S, = Sum of minor of diagonal elements
:F -w+r 2%‘2 4‘
120 |1 20 |1 2
=[4-1]+[4-2]+[4-1]
=3+2+3
S3=|A
2 -1 2

=-1 2 -1
1 -1 2

2 -1 -1 1 -1 02
R ILE G
-1 02 1 2 1 -1

=2[4-1]+[-2+1]+2[1-2]
=6-1-2

The characteristic equation is| 43 - S1,12 +8,4-83=0

23 -6)2+8.-3=0

By Cayley — Hamilton theorem, A3 -6A% +8A-31=0
Verification:
AZ = Ax A
(2 1 2] [2 1 2
AZ=]-1 2 -1|x|-1 2 -1
1 -1 2 1 -1 2

[4+1+2 -2-2-2 4+1+4
A2=]2-2-1 1+4+1 -2-2-2
(24142 -1-2-2 2+1+4




2 1 217 6 9
Ad=|-1 2 -1|x|-5 6 -6
1 -1 2||5 5 7

[14+5+10 -12-6-10 18+6+14
Ad=| -7-10-5 6+12+5 -9-12-7
| 7+5+10 -6-6-10 9+6+14

(29 -28 38

AS=|-22 23 -28

22 22 29
(20 28 387 [7 6 9 2 -1 2 100
Now A% -6A%2 +8A-31=|-22 23 -28|-6/-5 6 -6[+8/-1 2 -1/-3/0 1 0
22 22 29| |5 5 7 1 -1 2 00 1

(29 -28 38| [42 -36 54 16 -8 16| |3 0 O
=1-22 23 -28|-|-30 36 -36(+|-8 16 -8|-|0 3 O
22 -22 29 30 -30 42 8 -8 16| |0 0 3

[29-42+16-3 -28+36-8-0 38-54+16-0
=|-22+30-8-0 23-36+16-3 -28+36-8-0
| 22-30+8-0 -22+30-8-0 29-42+16-3

1
o O O
o O O
o O O

To find A :
A3 -6A% +8A-31 =0
Multiply by A™
ATA% -6AIA% +8ATA-3ATI =0
A% -6A+81 -3A1 =0
A? -6A+8l =3A"
3l =A% -6A+8I

7 6 9 2 1 2 1.0 0
3A1=|5 6 -6/-6/-1 2 -1/+8/0 1 0
5 5 7 1 -1 2 00 1



7 6 9] [12 -6 12
3A1=|5 6 -6|-|-6 12 -6|+
5 5 7|6 -6 12

o O @
o oo O
o O O

[7-12+8 -6+6+0 9-12+0
3A1=| 54640 6-12+8 -6+6+0
| 5-6+0 5+6+0 7-12+8

3 0 -3
3a1=]1 0
11

3 0 -3

al=1l1 2 o
3

11 3
TofindA4:

A3 -6A% +8A-31=0
Multiply by A

A% -6A3+8A% -3A=0

A% =6A3 -8A% +3A

29 -28 38 7 6 9 (2 -1 2
AY=6|-22 23 -28(-8/-5 6 -6|+3[-1 2 -1
22 -22 29 5 5 7 11 -1 2

[174 -168 228 56 -48 72] [6 -3 6
A*=|-132 138 -168|-|-40 48 -48|+|-3 6 -3
132 -132 174 40 -40 56| |3 -3 6

[ 174-56+6 -168+48-3 228-72+6
A*=|-132+40-3 138-48+6 -168+48-3
| 132-40+3 -132+40-3 174-56+6

124 -123 162
At=|-95 96 -123
95 -95 124
1 0 3
4. Using Caery—HamiItontheorem,findA'land A*forthe matrix A=|2 1 -1/,
1 -1 1

[M/J 2014 R2013] [Jan 2014 R2008] [N/D 2015 R2008][A/M 2017 R2008]

Answer:

To find Characteristic equation:




S, = Sum of diagonal elements
=1+1+1
Sl =3

S, = Sum of minor of diagonal elements
1 -1 1 3 1[10
= + +
10111 121

=[1-1]+[1-3]+[1-0]

=0-2+1
S3=|A|
1 0 3
=2 1 -1
1 -1 1

A
=1 -0 +3
11 o1 oA
=[1-1]-0+3[-2-1]
=3[-3]

The characteristic equation is

33-813%+8,4-83=0

22-322+(-1)a-(-9)=0

23-322-2+9=0

By Cayley — Hamilton theorem, |A3 -3A%-A+9l = O|
To find A™:

A3-3A% - A+91 =0
Multiply by A™
ATA% -3atAZ - Ata+ oAt =0
AZ-3A-1+9A1=0

0Al = A2 +3A+ 1

1 0 31 0 3 10 3] [t00
oAl=-2 1 a2 1 -1]+3]2 1 -1]|+|l0 1 0
11 11 1 1 1 -1 1| |00 1
[1+0+3 0+0-3 3+0+3] [3 0 9 10
9Al=-|2+2-1 0+1+1 6-1-1(+|6 3 -3[+|0 1
|1-2+1 0-1-1 3+1+1] |3 -3 3] [0 0



4 36130 91710
9Al =" 2 4|+|6 3 -3[+|0 1
0 2 5/ |3 -3 3[/|00
4 3 6] 3 0 91710
9Al=|3 2 -4l+|l6 3 -3[+|0 1
0 2 5] |3 -3 3] |00
0 3 3
9Al={3 2 7
3 -1 -1
0 3 3
A'1=332-7
3 -1 -1
TofindA'l:

A3 -3AZ _A+91=0
Multiply by A

A% -3A3 - A2 +9A=0

A*=3A3+ AZ.

A4:3[3A2+A-9|]+A2-9A {

9A

A* =9AZ + 3A-271 + A% -9A

A% =10AZ -BA-

1 0
A*=10/2 1
1 -1

271

31 0 3 1 0
112 1 -1(-6(2 1
11 -1 1 1 -1

[1+0+3 0+0-3 3+0+3

A*=10/2+2-1 0+1+1 6-1-1 |-6

[40-6-27
A*=[30-12-0
| 0-6-0

|1-2+1 0-1-1 3+1+1
6 1 0 3 1
41-6/2 1 -1|-27|0
5 1 -1 1 0

60 6 0 18| |27
40(-112 6 -61|-| 0
50 6 -6 6 0

-30-0-0 60-18-0
20-6-27 40+6-0
-20+6-0 50-6-27

3

1

o - O
[EEN

0 O
27 0
0 27

A3 -3AZ - A+91=0
— A3 =3A%+ A-0l

1 00
-11-27/10 1 0
0 01



A% =

7
18
-6

-30 42
-13 46
-14 17

5. Find the characteristic equation of the matrix A=| 1 3 -3
2 4 -4

Answer:

To find Characteristic equation:

1 1 3

S, = Sum of diagonal elements

Sq

0

=1+3-4

S, = Sum of minor of diagonal elements

3

-4

3 |1
+
-4

-2

=[-12-12]+[-4+6]+[3-1]

= 24+2+2
S3=|A|
1 1 3
1 3 -3
2 4 -4

:1‘

-3‘ ‘
-1
-4

-24+10+6

S3:-8

The characteristic equation is

2 -4

13‘

=[-12-12]-[-4-6]+3[-4+6]

33-813%+8,4-83=0

22022 +(-20)2-(-8)=0

23-200+8=0

By Cayley — Hamilton theorem, |A3 -20A+8Il = O|

To find A™L:

A3 -20A+81 =0

Multiply by A™

. Also find its inverse and A% . [G]



AlAd _20ata+8A 1 =0
A%-201+8A1=0

8A™l = _AZ + 201
1 1 311 1 3 100
8Al=-1 3 3|1 3 -3|+20/0 1 0
2 -4 4|2 -4 -4 00 1

[1+1-6 1+3-12 3-3-12 20 0 O
8A1=-1+3+6 1+9+12 3-9+12 |+|/0 20 O
_-2-4+8 -2-12+16 -6+12+16 0O 0 20

(-4 -8 -12 20 0 0
10 22 6 [+]0 20 0O
2 2 22 0 0 20

o
>
[N
1

4 8 12720 0 o0
8Al=|-10 22 6 (+|/0 20 O
2 2 200 0 20

(4420 8+0  12+0
8A1=|-10+0 -22+20 -6+0
| -2+40  2+0 -22+20

(24 8 12
8Al=|-10 2 -6
2 2 2

24 8 12
at=1l10 2 =6
2 2 2

To find A% :
A3 -20A+81 =0
Multiply by A
A% -20A% +8A=0
A% = 20A2% - 8A

1 1 371 1 3 1 1 3
A*=20{1 3 -3||1 3 -3/-8/1 3 -3
-2 -4 -4]|-2 -4 -4 2 4 -4

[1+1-6 1+3-12  3-3-12 1 1 3
A*=20|1+3+6 1+9+12 3-9+12 |-8/1 3 -3
|-2-4+8 -2-12+16 -6+12+16 2 4 -4




4 8 -12 1 1 3
A*=20{10 22 6 |-8/1 3 -3
2 2 22 2 4 -4

80 -160 2401 [ 8 8 24
A*=1200 440 120 |-| 8 24 -24
40 40 440 | |-16 -32 -32

[.80-8 -160-8 -240-24
A*=[200-8 440-24 120+ 24
_40 +16 40+32 440+ 32

88 -168 -264
A% =]192 416 144
56 72 472

6. Find the characteristic equation of the matrix A= . Also find the matrix represented

R O N
L
N O

by A -5A7 +7A8 - 3A% + A% -5A3 +8A% - 2A+ 1 . [v] [G] [B]

[M/J 2009 R2008][Jan 2010 Tirunelveli] [N/D 2015 R2013]
Answer:

To find Characteristic equation:

S, = Sum of diagonal elements

=2+1+2
S, = Sum of minor of diagonal elements
1 12 1
+
2l 0 1
=[2-0]+[4-1]+[2-0]
=2+3+2



S3 =|A|

2 1 1
=0 1 0

1 1 2

‘1 0‘ ‘0 0‘ ‘0 1‘
=2~ -1 |+

1 2 1 2 1 1
= 2[2-0]-1[0-0]+1[0-1]

=4-0-1
83=3

The characteristic equation is| 43 - Sl,lz +85,1-83=0

A3-52471-3=0

By Cayley — Hamilton theorem, | A% - 5A% +7A - 31 = 0| —(¥)

To find polynomial :

A+ A

A3 -5A2 +7A—3I>A8 _5A7 +7A8 -3A5 + A% -5A3 +8A2 - 2A + |

A8 _5A” +7A8 _3A°
-+ - +

0+ A% -5A3 +8A2 - 2A

A% -5A3 +7A2 _3A
-+ - +

A%+ A+
Now A8 -5A7 +7A8 -3A5 + A% -5A3 + 8AZ - 2A+ |

=[A3 _5A2 +7A-3IJ[A5 + A}+ A2+ A+

=[Ol 4 ar A% ast [ooy)

=A%+ A+

2 1172 1 17211100
=/0 1 0|0 1 0|+/0 1 0[+/0 1 0
112|112 1120001



1 00
=/0+0+0 0+1+0 0+0+0 01 040 1 0
0 01

[4+0+1 2+1+1 2+0+2 2 11
+
_2+0+2 1+1+2 1+0+4 1 1 2
5 211 1 0 O
=0 1 0|+|0 1 Of+/0 1 O
_4 5 1 1 2 0 0 1
8 5 5
=10 3 0
5 5 8

1 4
7. Verify Cayley Hamilton theorem for the matrix A = {2 3} . Also find its inverse, A% and express

A° - 4A% -7A3 + 11A% - A- 101 as a linear polynomial in A. [G]

Solution:

. 1 4
Given A=
2 3

S, = Sum of diagonal elements

=1+3

Sz =|A|

1 4
2 3

=3-8
82:'5

The characteristic equation is W% - S1A+8,=0

2 -4+(-5)=0

P og-5=0

By Cayley — Hamilton theorem, A% -4A-51 =0 —(*)

Verification:



A% = Ax A

, [1 4} {1 4}
A= X
2 3] |2 3
, [1+8 4+12
A° =
12+6 8+9}
Azz‘g 16
18 17
) 9 16 1 4
A% -4A-5] = -4
8 17 2 3
[9 16] [4 16
|8 17] [8 12
_[9-4-5 16-16-0
“|8-8-0 17-12-5
_[o o
0 0
=0
To find AL
A% -4A-51=0
Multiply by A™

AIA? 4 TA-5ATI =0

A-41-5A1=0
A-4] =5A1
5AL = A-4l
L [1 4] J1 0
5AL = -4
2 3] |01
4 [1 4][4 0
5AL = -
2 3] |0 4
4 [1-4 4-0
5AL =
12-0 3-4
-3 4
AL =
2 -1
A']':E 3 4
512 -1
To find A3:

A% -4A-51 =0

J

10
01

|

|

5
0

|

0
5



Multiply by A
A3 -4A% -5A=0
A3 = 4A2 +BA

23 :4{9 16

8 17
A3={

|
2 ol

To find polynomial :

36
32

64

3

41 84
42 83

3 _

!
68}{

36+5 64+20
32+10 68+15

5
10 15

1 4
2 3

|

20

|

A3 -2A+3

A2 —4A—5I‘ A5 -4A% -7A3 + 11A2 - A- 101

A -4p% 53
() B )
S2A3 +11A% - A
-2A3 +8A% + 10A
+ 6 06

3AZ - 11A-10I
3AZ - 12A-151

0

A+5I

Now A5 -4A% -7A3 + 11A2 - A-10I = [A3 S2A+ 3}[A2 _4A-5] ]+ A+ 51

=[ A®-2A+3][0]+ A+51 [ by()]

= A+5I

1
8. Find the Eigen values of A and using Cayley — Hamilton theorem, find A", given that A= L 3} :

Solution:

] 1
Given A= {
4

2
3

|

S; = Sum of diagonal elements

=1+3
81:4

[B][v][Jan 2012 R2008][M/J 2014 R2008]



S, =|A
1 2
4 3
=3-8

The characteristic equation is 4% - S;4+ S, =0
2o 4i+(-5)=0

22 4-5=0

By Cayley — Hamilton theorem, A% -4A-51=0 —(*)

To find Eigen values:

Zog-5=0
> sum = -4 and product = -5
(A+1)(2-5)=0 ’ proct
(1,-5)
A=-1,A=5

Eigen values are -1, 5.

Let |2 =| 22 - 42-5]0(2) + [+ b]| > (1)

Puti=-Iin(1)
(-1)" =[0JQ(-2)+[a(-1)+b]
(-1)" =-a+b

a+b=(-1)" >(2)

Puti=5in(1)
(5)" =[0]Q(5)+[a(5)+b]
5"=5a+b

5a+b=5"—(3)

Solving (2)and (3):

(2)x5= -5a+5b=5(-1)"
(3) =5a+b=5"

6b=5"+5(-1)"



Puti=Ain(1)
A" =| A7 -4A-5 |Q(A)+[aA+bI]

A" =[0]Q(A)+[aa+bI]  {-by(x)

A" =aA+Dl
n n
AN = 5"-(-1)" |[1 2], |5"+5(-1)"|[1 0
6 4 3 6 0 1
11 -4 -7
9. Find the Eigen values and Eigen vectorsof | 7 -2 -5 |[v]
10 -4 -6
[N/D 2011 R2008] [N/D 2016 R2013] [A/M 2018 R2017]
Answer:
11 -4 -7
Matrix A=| 7 -2 -5
10 -4 -6

To find Characteristic equation:

S; = Sum of diagonal elements
=11-2-6
Sl =3

S, = Sum of minor of diagonal elements



-2 -5 (11 -7| |11 -4
= + +
-4 -6/ (10 -6| |7 -2

=[12-20]+[-66 +70]+[-22 + 28]

=-8+4+6
S3=|A|
11 -4 -7
=|7 -2 -5
10 -4 -6
-2 -5 7 -5

7 -2
=11

-4 —6‘ '('4)‘10 —6‘+ ('7)‘10 -4
=11[12- 20]+ 4[-42 +50]-7[-28 + 20]
=11[-8]+4[8]-7[-8]
=-88+32+56

The characteristic equation is 4> -51,12 +8,1-8S3=0

P-32+22-0=0

3-32+22=0

To find Eigen values:

13-32+42,=0

1(,12-3,1+2)=0
A=0 ori2-3)+42=0
(;.-1)(,1-2)=0{

A=1,A=2

- sum = -3 and product =2
(1.2)

Eigen values are 0, 1, 2

To find Eigen vector:
Case () A =0:
[A-AI]X =0

[A-0.1]X =0 {-i=0}
AX =0



11 -4 7%
7 -2 5|x,(=0
10 -4 -6 x3

Select last two rows

X1 X2 X3
-2 -5 7 -2
4 -6 10 -4

X1 _ X _ X3
12-20 -50+42 -28+20

1 1 1
1
Eigen vector X; =1
1
Case (i) A = 1:
[A-A]X=0

[A-LI]X=0 {-i=1I}

-1 -4 7 x

10 -4 -6-1]xg

10 -4 7%
7 -3 5|x,|=0
10 -4 -7 xg

Select last two rows

X1 X2 X3
-3 -5 7 -3
4 -7 10 -4
X1 X2 X3

21-20 -50+49 -28+30

1 -1 2
1
Eigen vector X, =| -1
2
Case (iii) A = 2:
[A-aI]X=0

[A-21]X=0 {-2=2}



9 -4 7 [x
7 -4 5| x|=0
10 -4 -8/ xg

Select last two rows
X1 X2 X3

-4 -5 7 -4

-4 -8 10 -4

Xp __ X2 __ X3
32-20 -50+56 -28+40

X _X2_X3
12 6 12
Divided by 6
X _X2_X3
2 1 2

2
Eigen vector X3 =| 1
2

8 -6 2
10. Find the Eigen values and Eigen vectorsof | -6 7 -4 |[B] [Jan 2014 R2008] [A/M 2017 R2008]
2 -4 3
Answer:
8 6 2
Matrix A=|-6 7 -4
2 -4 3

To find Characteristic equation:
S, = Sum of diagonal elements

=8+7+3
S, =18
S, = Sum of minor of diagonal elements

828-6‘

2 3

|7 -4
- 6 7

ok
=[21-16]+[24-4]+[56 - 36]

=5+20+20



S3 =|A|

8 6 2
=-6 7 -4

2 -4 3

7 -4 6 -4 |6 7
=8 -(-6) +2

4 3 2 3 "2 -4

=8[21-16]+6[-18+8]+2[24 - 14]
=8[5]+6[-10]+ 2[10]
=40-60+ 20
The characteristic equation is 4° - Sl/lz +8,4-8S3=0
221827 +451-0=0

23182 +45.=0

To find Eigen values:

23182 +45.=0

/1(12 -18,1+45)=0

A=0 or % -18,+45=0

-sum =-18 and product = 45
2-3)(A-15)=0
a-)ae9)=0 | T |
A=3,A=15

Eigen values are 0, 3, 15

To find Eigen vector:
Case (DA =0:
[A-21]X =0

[A-01]X =0 {.4=0}

AX =0
8 6 2] x
-6 7 -4 Xy | = 0
2 4 3| x

Select last two rows

X X2 X3
7 -4 -6 7
-4 3 —4
X X2 X3

21-16 -8+18 24-14



_X%_ X
5 10 10

Divided by 5

Eigen vector X; =| 2
2

Case (i) A =3:
[A-21]X =0

[A-31]X =0 {.2=3)

8-3 -6 2 |[x
6 7-3 -4 |x |=0
2 4 3-3|x

5 6 2] x
-6 4 -4 X2 =0
2 4 0| x

Select last two rows

X X X3
0-16 -8-0 24-8

M X X
-16 -8 16

Divided by (-8)

2 1 =2

X _ X _ X3

2
Eigen vector X, =| 1
-2
Case (iii) A = 15:
[A-21]X =0

[A-151]X =0 {.A=15}

8-15 6 2 [x



Select last two rows
X X2 X3
-8 -4 6 -8
-4 -12 2 -4
X _ X 00X
96-16 -8-72 24+16

_X %

80 -80 40
Divided by 40
H_X_X
2 -2 1
2
Eigen vector X3 =| -2
1
1 1 3
11. Find the Eigen values and Eigen vectorsof | 1 5 1 |[v] [G]
311
[N/D 2010 R2004] [N/D 2014 R2008] [M/J 2016 R2013]
Answer:
1 1 3
Matrix A=|1 5 1
311

To find Characteristic equation:

S, = Sum of diagonal elements
=1+5+1
Sl =7

S, = Sum of minor of diagonal elements

5
+
1 |1 5
=[5-1]+[1-9]+[5-1]
=4-8+4
S3=|A|
1 1 3

=11 5 1
311



5 1 |1 1 |15
=1/ -1/ ]+3
11 731 T3 1

=1[5-1]-1[1-3]+3[1-15]
=4+2-42
The characteristic equation is 4° - Sl,lz +8,4-8S3=0
22722 +01-(-36)=0

B2 +00+36=0
To find Eigen values:
‘1 -7 0 36
-2

0 -2 18 -36
1 -9 18 |0

12 A const

12-9,+18=0

(,1-3)(,1-6)=0{

A=3,A=6

-sum =-9 and product =18
(-3,-6)

Eigen values are -2, 3, 6
To find Eigen vector:

Case (i) A =—2:
[A-AI]X=0

[A-(-2)1]x=0 {:a=-2}
[A+21]X =0
[1+2 1 3 x

1 5+2 1 |[x|=0
3 1 1+2] xg

31 3
17 1] x,]=0
313

Select last two rows

X1 — X9 - X3
21-1 3-3 1-21




20 0 -20
Divided by 20
XX _X3
1 0 -1
1
Eigen vector X; =| 0
-1
Case (i) A = 3:
[A-A]X=0

[A-31]X=0 {-a=3}

1-3 1 3 x
1 5-3 1 X2 =0

1 1-3| x
2 1 37x
1 2 1 X9 =0
1 -2 X3

1 -1 1
1
Eigen vector X, =| -1
1
Case (iii) A = 6:
[A-AI]X=0

[A-6.1]X=0 {.-i=6}

1-6 1 37x



Select last two rows

X1 _ X3 _ X3
5-1 3+5 1+3

4 8 4
Divided by 4
X1_X2_X3
1 2 1
1
Eigen vector X3 =1 2
1
2 0 -1
12. Find the Eigen values and Eigen vectorsof A= 0 2 0 |[v]
-1 0 2
[M/J 2013 R2008] [A/M 2015 R2008] [N/D 2016 R2008]
Answer:
2 0 -1
Matrix A=|{0 2 0
-1 0 2

To find Characteristic equation:

S; = Sum of diagonal elements
=2+2+2

S, =6

S, = Sum of minor of diagonal elements

2 0 |12 -1 |2 0
= + +
o 3 Ak



=[4-0]+[4-1]+[4-0]

—4+3+4
S3=|A
2 0 -1
=0 2 0
10 2

‘2 0‘ ‘0 0 0 2‘
=2 -

0 -1

0 2 |1 2‘+( )‘-1 0
=2[4-0]-0-[0+2]
=8-2

The characteristic equation is 43 - Sl/lz +8,1-8S3=0

3_62+112-6=0

To find Eigen values:
1 -6 11 -6
A=1
0 1 -5 6
1 -5 6 |0

/12 A const

J2_5.+6=0

(,1-2)(,1-3)=0{

A=2,A=3

“-sum = -5 and product =6
(2-3)

Eigen values are 1, 2, 3

To find Eigen vector:
Case (DA =1:
[A-aI]X=0

[A-11]X=0 {.-i=1}



1 0 -1{xg
0 1 0] x(=0
-1 0 1| X3

Select last two rows

X1 X2 X3
1 0 0 1
-1

X1 _ X9 _ X3
1-0 0-0 0+1

XX X3
1 0 1
1
Eigen vector X; =| 0
1
[A-A]X=0

[A-21]x =0 {-1=2]

0 -1 xq
0 0 0| xp|=0
-1 0 X3

X1 — X9 — X3
0-0 1-0 0-0

X1_X_X3
0 1 0
0
Eigen vector X, = 1
0

[A-AI]X=0

[A-31]X=0 {-i=3)



2-3 0 -17[x
0 2-3 0 [ x|=0
1 0 2-3|xg

100 -1[x
0 -1 0| x,|=0
100 -1 xg

Select last two rows

X1 X2 X3

X1 _ X2 _ X3
1-0 0-0 0-1

X1_X2_X3
1 0 -1
1
Eigen vector X3 =| 0
-1
2 -2 2
13. Find the Eigen values and Eigen vectorsof |1 1 1 |[v] [A/M 2018 R2008]
1 3 -1
Answer:
2 -2 2
Matrix A=|1 1 1
1 3 -1

To find Characteristic equation:

S, = Sum of diagonal elements
=2+1-1

S =2

S, = Sum of minor of diagonal elements
:F 1k+2 2k+2 2‘

3 -1 |1 -1 |1 1

=[-1-3]+[-2-2]+[2+2]
=-4-4+4

S3 =|A|



2 -2 2

=1 1 1

1 3 -1

11 11 11
=2 —(— ) +2

3 -1 1 -1

1 3
=2[-1-3]+2[-1-1]+2[3-1]
= 2[-4]+2[-2]+ 2[2]
=-8-4+4
The characteristic equation is 4> -Sl,lz +851-8S3=0
332222 +(-4)2-(-8)=0

2322 4+8=0

To find Eigen values:

PP
0 2 0 -8
1 0 -4 [0
2 A const
W2 +0i-4=0
2 _4=0
i’=4
i=+J4
A=12
A=2,)=-2
Eigen values are —2, 2, 2
To find Eigen vector:
Case (DA =-2:
[A-2]X=0
[A-(-2)1]X=0 {.1=-2]
[A+21]X =0

2+2 2 2 [x
1 1+2 1 |[x,]=0
1 3 -1+2|xg



4 2 2]x
1 3 1 X2:0
1 3 1| x,

Select first two rows
X1 X2 X3
-2 4 -2
3 1 1
X1 _ X2 _ X3
-2-6 2-4 12+2

4 1 -7
4
Eigen vector X; =| 1
-7

Case (ii) A = 2:
[A-aI]X=0

[A-21]X=0 {-i=2}

2-2 -2 2 || x
1-2 1 || %, [=0
3 -1-2]|| x3

0 -2 2|x

1 -1 1] x1(=0

1 3 -3| x3

Select first two rows

X1 _ X2 _ X3
2+2 2-0 0+2

o 2 2

Divided by 2
X1_X2_X3
0 1 1

0
Eigen vector X, =| 1
1

Select last two rows



X1 X2 X3

X1 _ Xy _ X3
3-3 1+3 3+1

Eigen vector X3 =|1

1

2 2 -3
14. Find the Eigen values and Eigen vectorsof | 2 1 -6 |[B]
-1 -2 0

[Jan 2010 R2008][M/J 2014 R2007] [M/J 2014 R2013] [N/D 2014 R2008] [N/D 2015 R2008]
Answer:

-2 2 -3
Matrix A= 2 1 -6
-1 -2 0

To find Characteristic equation:

S, = Sum of diagonal elements

=-2+1+0

S, = Sum of minor of diagonal elements
‘1 —6‘ ‘-2 -3‘ ‘-2 2‘
= + +
-2 0/ |11 0] |2 1
=[0-12]+[0-3]+[-2-4]
=-12-3-6
S3=|A

2 2 -3

=2 1 -6
-1 -2 0

1 -6 _[2 -6 2 1
4z o4 o 3
2 0] 1 0 -1

-2



=-2[0-12]-2[0-6]-3[-4+1]
=24+12+9
The characteristic equation is 4° - Sl/lz +8,4-8S3=0
2B-(-1) A2 +(-21)2-45=0

3422 200-45=0

To find Eigen values:

1 1 -21 -45
i=-3

0 -3 6 45

1 -2 -15 |0

/12 J  const

2 _2-15=0
> sum = -2 and product = -15
(A+3)(2-5)=0 P
(3.5)
A=-3,A=5
Eigen values are 5, -3, -3

To find Eigen vector:

Case (i) A = 5:
[A-AI]X =0

7 2 -3[x
2 -4 -6|[x,|=0
-1 2 5] xg

Select last two rows

X1 X2 X3
-4 -6 2 -4
-2 -5 -1 -2

X __X __X3
20-12 6+10 -4-4




Divided by 8

1 2 -1
1
Eigen vector X, =| 2
-1
Case (i) A =—3:
[A-A]X=0

[A-(-3)|]x =0 {.-a=-3}

[A+31]X =0

2+3 2 3 7[x
2 1+3 -6 | x|z
1 2 0+3|xg

(1 2 3[x
2 4 -6 X2 =0
12 3| x

_1 2 -3 X1

1 2 3||x|=0 {
_12-3 X3

X1+2X2 '3X3 :0—)(*)

R2 (—)Rz +2
R3(—)-R3

Put x; =0 in(*)

0
Eigen vector X, =| 3
2

Put x; =0in(*)
Xq '3X3 =0
X1 = 3X3

XX
3 1

3
Eigen vector X3 =|0
1

2 21

15. Find the Eigen values and Eigen vectorsof | 1 3 1 |[B]

[M/J 2010 R2008] [N/D 2010 R2008] [Jan 2012 R2008][Jan 2014 R2013]

Answer:

1 2 2




Matrix A=

kN
N W N

1
1
2

To find Characteristic equation:

S; = Sum of diagonal elements

=2+3+2

S, = Sum of minor of diagonal elements
3 1 |12 1 |2 2
= + +
2 2|1 201 3

=[6-2]+[4-1]+[6-2]

=4+3+4
82=11
S3=|A|
2 2 1
=1 3 1
1 2 2
3 1 11 1 3
=2 -2 +1
2 2 1 2 1 2

=2[6-2]-2[2-1]+1[2-3]
=8-2-1
The characteristic equation is 2° - 51,12 +8,1-8S3=0
B2 +110-5=0

To find Eigen values:
1 -7 11 -5
0 1 -6 5
1 -6 5 [0

12 A const

i=1

22_62+5=0
*»sum = -6 and product =5
(1-1)(2-5)=0 P
(-1.-5)
A=1Li=35
Eigen values are 5,1, 1

To find Eigen vector:

Case () A =5:




X2 X3

Xl X2 X3

6-2 1+3 2+2

X_Xp_X3
4 4 4
Divided by 4
X1_X2_X3
1 1 1

1
Eigen vector X; =| 1
1

[A-a1]X =0

[A-l.l]X:O {'.’i=1}

2-1 2 1

1 3'1 1 X2 =
2 2-1||x3

X1

x1+2x2+x3=0_>(*)

0

Put x; =0in(*)
2Xy + X3 =0
2Xy = -X3
X2 _ X3
102

Put X9 = 0 In(*)

X1=—X3
Xl_X3

1001




0 -1
Eigen vector X, =| -1 Eigen vector X3 =| 0
2 1
6 -2 2
16. Find the Eigen values and Eigen vectorsof | -2 3 -1| [B]
2 -1 3

[A/M 2009 Tirunelveli] [A/M 2015 R2013] [M/J 2016 R2008]

Answer:
6 -2 2
Matrix A=|-2 3 -1
2 -1 3

To find Characteristic equation:

S, = Sum of diagonal elements
=6+3+3
S, =12
S, = Sum of minor of diagonal elements
3 -1 16 20 |6 -2
ol A
=[9-1]+[18-4]+[18-4]
=8+14+14
S, =36
S3 =|A|
6 -2 2

=l-2 3 -
2 -1 3

3 -1 2 -
:6‘ ‘—(—2)‘ ]#2
-1 3 2 3

=6[9-1]+2[-6+2]+2[2-6]

-2 3
2 -1

=6[8]+2[-4]+2[4]
=48-8-8
The characteristic equation is 1% — 81/12 +S,4-83=0

23 -122%+361-32=0



To find Eigen values:

1 -12 36 -32
0 2 -20 32

1 -10 16 10
/12 A const

A=2

2% -101+16=0
> sum=-10 and product =16
(4-2)(4-8)=0 P
(-2-8)
A=2,1=8
Eigen values are 8, 2, 2
To find Eigen vector:

Case () A =8:
[A—M]Xzo

[A-8.1]X =0 {-1=8}
6-8 2 2 |[x
2 3-8 -1 |[x|=0
2 -1 3-8 X3

2 2 27x
2 5 1|/x|=0
2 -1 -5 X3

Select last two rows
XX X X3
-5 -1 -2 -5
-1 -5 2 -1
X __ %X X
25-1 -2-10 2+10

H_% X
24 12 12
Divided by 12

M_X_ X

2 -1 1

2
Eigen vector X; =| -1
1



Case (ii) A = 2:
[A—M]X =0

[A-21]X=0 {2

Il
N
-

6-2 2 2 [x
2 3-2 -1 |x|=0
2 -1 3-2|x
(4 2 27[x
-2 1 -1 X2 =0
2 -1 1]x
2 -1 1x R
R 1
2 1 1|xp|=0]277
_2 11 X3 RZ(—)'RZ
2X1—X2+X3=0—)(*)
Putx, =0in (*) Putx, =0in(*)
—X2+X3=0 2X1+X3=0
—Xo =—X3 2X1 =—X3
Xo = X3 ﬁ_x_g
-1 2
X X%
11 -1
0 Eigen vector X3 =| 0
Eigen vector X, =| 1 2
1

17. Reduce 8x” +7y” + 3z% - 12xy + 4xz - 8yz into canonical form by orthogonal reduction. [B]



(Or)
Reduce the Quadratic form 8x,? +7x,% + 3X,” - 8X, X, + 4X, X, - 12X, X, to canonical form through an

orthogonal transformation and find the rank, index, signature and nature of the quadratic form [v ex]
[A/M 2009 R2004] [N/D 2011 R2008] [N/D 2015 R2008]

Answer:

To find Matrix:

Given Equation, 8x*+7y® + 3z° - 12xy + 4xz - 8yz

Matrix =

coeff x2

1
—coeff x
> y

1
—coeff X
> y

coeff y2

lcoeff XZ
2
1
—coeff yz
> y

coeff 72

lcoeff XZ 1coeff yz
2 2

8 %(-12)

~(12) 7

Matrix A=

To find Characteristic equation:

S, = Sum of diagonal elements
=8+7+3

S, = Sum of minor of diagonal elements

-4 3| |12 3 |-6 7

‘7 -4‘ ‘8 2‘ ‘8 -6‘
= + +
=[21-16]+[24-4]+[56 - 36]

=5+20+20

S3=|A



8 -6 2
=6 7 -4
2 -4 3

7 -4 6 -4 |6 7
o, Jeofs Tz L
4 3 2 3

=8[21-16]+6[-18+8]+2[24 - 14]
=8[5]+6[-10]+ 2[10]
=40-60+ 20
The characteristic equation is 4> -Sl,lz +851-8S3=0
3-18%+45,-0=0

3182 +45.=0

To find Eigen values:

221842 +451=0

1(12 —18/1+45)=O

1=0 or A2-181+45=0
> sum =-18 and product =45
(4-3)(4-15)=0 P
(-3,-15)
A=3,1=15

Eigen values are 0, 3, 15

To find Eigen vector:

Case () A = 0:
[A-21]X =0

[A-01]X =0 {.-2=0}

AX =0
8 ) 2 X1

6 7 4% |=0
2 -4 3 X3

Select last two rows

X X9 X3
7 -4 -6 7
-4 3 2 -4
X X2 X3

21-16 -8+18 24-14

n_X%_ X
5 10 10



Divided by 5

Eigen vector X; =| 2
2

Case (i) A =3:
[A-21]X =0

[A-3I]X =0 {.1=3}

8-3 6 2 x
-6 7-3 —4 X2 =0
2 4 3-3|x

5 6 2] x
-6 4 -4 Xy | = 0
2 4 0| x

Select last two rows

X X X3
0-16 -8-0 24-8

M X X
-16 -8 16

Divided by (—8)

X _ X _ X3

2 1 -2
2

Eigen vector X, =| 1
-2

Case (iii) A = 15:
[A-21]X =0

[A-151]X =0 {.A=15}



6 7-15 -4 |[|x|=0
2 -4 3-15|| X3
-7 -6 2 |x
-6 -8 4| x|=0
2 -4 12| x5
Select last two rows
X X2 X3
-8 -4 6 -8
-4 -12 2 -4

X X
96-16 -8-72 24+16

a_% _ %
80 -80 40
Divided by 40
n_X% _X
2 -2 1
2
Eigen vector X3 =| -2
1

To check orthogonal property:

2
X, Xp=[1 2 2]| 1 |=[2+2-4]=[0]=0
-2
2
Xy Xz=[2 1 -2]|-2|=[4-2-2]=[0]=0
1
1
Xg' Xy =[2 2 1]|2|=[2-4+2]=[0]=0
2

X1, X5, Xgare orthogonal in pairs.

To find Model Matrix N:

Eigen vector 2 2 2 Normalized Eigen vector
Xl +X2 +X3




T 1
Al N N ™
L ]

|

N

-2

2 -2 1

N
— N
I |
—A|lm
Il

1
o™ ?___3 — ™

N[ ™ ?___3

M N|M N | ™M
|

I
=z

To find Diagonal Matrix D:

D=NTAN



|- | w|

|-

1 2 2
2 1 -2
2 -2 1
(1 2 2
2 1 -2
12 -2 1
1 2 2]
2 1 =2

[8-12+4
—-6+14-8

2 2

1 2
2 1

1_

2
-2

10 6

0 3

0

—6

| 2-8+6

30
=30
15

2 2 1

1 2
1 2 1
3 2 2 1
1 2 2

2 1 -2
2 -2 1
16-6-4
-12+7+8
4-4-6

2

-2

16+12+2

~12-14-4

4+8+3

[0+0+0 6+6-12
0+0+0 12+3+12
_O+O+0 12-6-6

30-60+30
60-30-30
60+60+15

0 0 0
0 27 0
0 0 135

|

0 0
D=0 0
0

o w O

15

To find canonical form:

00 0]y

YTDY=[y; vy, ¥3]]0 3 0y,
0 0 15| ys

=Oy12 +3y§ +15y32

=3y} +15y3

To find Rank, index, signature and nature:

Rank = Number of square terms.

2

Index = Number of positive square terms.
=2

Signature = Number of positive square terms — Number of negative square terms.
=2-0
=2
Nature = positive semi definite.

18. Reduce the Quadratic form X12 + 2X§ + x§ - 2X1 X5 + 2X, X4 to canonical form through an

orthogonal transformation and find the rank, index, signature and nature of the quadratic form [v]
[A/M 2008 R2008] [M/J 2009 R2008]
Answer:



To find Matrix:

Given Equation, x12 + 2x§ + x§ - 2X1Xo + 2X5 X5

2

1 1
coeff xq Ecoeff X1 X2 Ecoeff X1 X3

. 1 1
Matrix = Ecoeff X1Xo  coeff x22 Ecoeff Xo X3

%coeff X1X3 %coeff XpoX3  coeff x32

_ 1 L
1 —(-2) =(0
>(-2) 2(0)
1 1
=| =(-2 2 =(2
(-2) (2)
1 1
=(0 =(2 1
50 50 1
1 -1 0
Matrix A=|-1 2 1
0 1 1

To find Characteristic equation:

S, = Sum of diagonal elements
=1+2+1
S =4

S, = Sum of minor of diagonal elements
2 10 |1 -1
= + +
1 0 1 |-1 2

=[2-1]+[1-0]+[2-1]

=1+1+1
S, =3
S3 =|A|
1 -1 0
=-1 2 1
0 1

2 1 -1 1 -1 2
0l o |
11 0 1 0 1

=[2-1]+[-1-0]+0

The characteristic equation is 1% — Slﬂz +854-53=0



A3-422431-0=0
23422 +31=0

To find Eigen values:

23432 431=0

/1(/12—4,1+3)=0

A=0o0r2%-42+3=0
sum=-4and product =3
(4-1)(A-3)=0 P
(-1-3)
A=1,1=3
Eigen values are 0, 1, 3
To find Eigen vector:

Case (DA =0:
[A—M]Xzo

[A—O.I]Xzo {-.-/1=0}
AX =0
1 -1 0|lx
-1 2 1 X2 =0
0 1 1 X3
Select last two rows

X1 X2 X3

n_%_ X
1 1 -1
1
Eigen vector X; =| 1
-1
Case (i) A =1:
[A-21]X =0

[A-11]X=0 {-2=1

1-1 -1 07 x
-1 2-1 1 |[x|=0
0 1 1-1|x



0 -1 0%
1 1 1{[x|=0
0 1 0fx

Select last two rows

X X2 X3
1 1 -1 1
0

X X X
0-1 0-0 -1-0

A_X_X

-1 0 -1
Divided by (1)
n_%_X
1 0 1

1

Eigen vector X, =| 0

1

Case (ii) A =3:

[A-21]X =0

[A-3.1]X =0 {.-21=3}

1-3 -1 0 |x
-1 2-3 1 X2 =0
0 1 1-3|x

_—2 -1 0 X1
1 1 1| x|=0
L 0 1 -2 X3

Select last two rows

n_% _X
1 -2 -1
1
Eigen vector X5 =| -2
-1

To check orthogonal property:




Xy Xp=[1 1 -1]|0|=[1+0-1]=[0]=0

Xy Xz=[1 0 1] -2 _[1+o 1]=[0]=0

Xg' Xy =[1 -2 —1] =[1-2+1]=[0]=0
-1

X1, X5, Xgare orthogonal in pairs.

To find Model Matrix N:

Eigen vector (Xlz N x22 N x32 Normalized Eigen vector
1 2 .2 2 1]
1°+1°+(-1 il
vl (-1) 7
-1 =3 1
V3
-1
V3]
V12 402 412 1
Xy = J2
1
V2]
1 2 2 2| [ 1]
1°+(-2) +(-1 —
M I I R e R
-1 -2
_ 6 NG
-1
V6
_i 1 i_
3z e
No|l L o 2
B,
-1 —= -1
R 2 R
N

To find Diagonal Matrix D:

D=NTAN
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To find canonical form:



= 0y? +1y5 +3y3

= Y5 +3y5

To find Rank, index, signature and nature:

Rank = Number of square terms.
=2

Index = Number of positive square terms.
=2

Signature = Number of positive square terms — Number of negative square terms.
=2-0
=2
Nature = positive semi definite.

19. Reduce the Quadratic form 3x? + 5y + 3z° - 2yz + 22X - 2xy to the canonical form and specify the

matrix of transformation. [G] [Jan 2011 R2010] [M/J 2013 R2008] [N/D 2014 R2013]
Answer:
To find Matrix:

Given Equation, 3x*+ 5y + 3z° - 2yz + 22X - 2Xxy

coeff x? %coeff Xy %coeﬁ Xz

Matrix = %coeff Xy  coeff y2 %coeff yz

%coeff XZ %coeff yz  coeff 72

3 (2 2(2)
-5 5 ()
;0 32 3




3 -1 1
Matrix A=(-1 5 -1
1 -1 3

To find Characteristic equation:

S; = Sum of diagonal elements
=3+5+3
S =11

S, = Sum of minor of diagonal elements

FEENE S
= + +

-1 3| 11 3 |-1 5
=[15—1]+[9—1]+[15—1]
=14+8+14

S, =36

S3=|A|

3 -1 1
1 -1 3

:3‘—51 j _(_1)‘ 1 3

=3[15-1]+[-3+1]+[1-5]

=3[14]+[-2]+[4]
=42-2-4
S; =36

The characteristic equation is 1% — 81/12 +S74-83=0

231142 +361-36=0

To find Eigen values:

_J1 11 36 -36
0 2 -18 36
1 -9 18 |0

12 A const
22-9,+18=0

(,1-3)(,1-6)=0{

-sum =-9 and product =18
(3.-6)



A=3,A=6

Eigen values are 2, 3, 6

To find Eigen vector:

Case (YA =2:
[A-21]X =0
[A-21]X =0 {-2=2}
3-2 -1 1 |[x
-1 5-2 -1 ||%|=0
1 -1 3-2xs
1 -1 1][x
-1 3 -1|lx |=0
1 -1 1]

Select last two rows

X _ X X3
3-1 -1+1 1-3

n_%_X

2 0 =2

Divided by 2

n_%_ X

1 0 -1
1
Eigen vector X; =| 0
-1

Case (ii) A = 3:
[A-21]X =0

[A-31]X =0 {-21=3]

3-3 -1 1 [x
-1 5-3 -1 |x|=0
1 -1 3-3|x

[0 1 17
-1 2 -1 Xo |= 0
1 -1 0%

Select last two rows



o X X
0-1 -1-0 1-2

Xn_X_X
1 -1 -1
Divided by (-1)

_X% X
1 1 1
1
Eigen vector X, =|1
1
Case (iii) A = 6:
[A-21]X =0

[A-6.1]X =0 {.-2=6}

-1 5-6 -1 |x|=0
1 -1 3-6|x

-3 -1 1 X1
1 -1 -1 |=0
1 -1 -3 X3

Select last two rows

3-1 -1-3 1+1

n_X% _X
2 -4 2
Divided by 2
n_X% _X
1 -2 1
1
Eigen vector X5 =| -2
1

To check orthogonal property:
1
X Xp=[1 0 -1]|1|=[1+0-1]=[0]=0
1




1

Xy Xz=[1 1 1]|-2|=[1-2+1]=[0]=0

1

1

X3' X3=[1 -2 1]| 0 |=[1+0-1]=[0]=0

-1

X1, X5, Xgare orthogonal in pairs.

To find Model Matrix N:

Eigen vector m Normalized Eigen vector

2 2 2 1

wclo| | V@O |
1 :\/E 0

1

V2
2 2 2 1

‘- Vo @
=3 1

B
1

V3.
1 2 2 2 || 1
o I R e e I
1 =6 -2

V6
1

V6 ]
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NT AN

B R e Rl el _z_ﬁz_ﬁz@ <z o
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o o N
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To find canonical form:

2 0 0y
YTDY=[y1 v, ¥3]|0 3 0Jly,
0 0 6y

=2yZ +3y2 +6y3

To find Rank, index, signature and nature:

Rank = Number of square terms.

=3
Index = Number of positive square terms.
=3
Signature = Number of positive square terms — Number of negative square terms.

=3-0
=3

Nature = positive definite.

20. Reduce the Quadratic form 2x12 + x§ + xgz, + 2X1 Xy - 2X1 X3 - 4X, X3 to canonical form through an

orthogonal transformation and find the rank, index, signature and nature of the quadratic form [v]
[N/D 2010 R2008] [M/J 2012 R2008] [A/M 2015 R2008] [N/D 2016 R2008]

Answer:

To find Matrix:

Given Equation, 2x12 + x22 + x§ + 2X Xy - 2X1 X3 - 4X5 X3

coeff x12 %coeff X1 X2 %coeff X1X3

Matrix = %coeff X1Xy  coeff x22 %coeff X X3

1 1
Ecoeff X1 X3 Ecoeff XoXg  coeff x32

_ L L _
2 —(2) =(-2
~(2) 2(2)
1 1
= =(2 1 —(-4
~(2) ~(+4)
1 1
=(-2) =(-4 1
502 50 1
2 1 -1
Matrix A=| 1 1 -2
-1 -2 1

To find Characteristic equation:

S; = Sum of diagonal elements



=2+1+1

S, = Sum of minor of diagonal elements

—[1 4] [2 1] [2 1
=-3+1+1

822-1

S3=|A

2 1 -1
=1 1 -2
-1 -2 1

‘1 -2‘ ‘1 -2 1 1‘
=2

2 1|t 1‘+('1)‘-1 -2
=2[1-4]-[1-2]-[-2+1]
= 2[3]-[-1]-[]
=-6+1+1
83 =4
The characteristic equation is i3 -Sl,lz +854-83=0
2302+ (-1)2-(-4)=0

B2 a+4=0
To find Eigen values:

1 4 -1 4
i=1
01 -3
1 -3 -4 |0

12 A const

J2.30-4=0

(,1+1)(,1-4)=0{

A=-1,A=4

-sum =-3and product = -4

(14)

Eigen values are 1, —1, 4

To find Eigen vector:
Case (DA =1:
[A-AI]X =0




1 1 1x
1 0o -2 X2 =0
-1 2 0 xg

Select last two rows

Eigen vector X, =| -1
1

Case (il A=—1:
[A-21]X =0

[A-(-1)1]x=0 {4=-1
[A+11]X =0

241 1 1%
1 141 -2 ||x |=0
-1 -2 1+1}|x3

(3 1 1%
1 2 =2|x|=0
_—1 -2 2 X3

3 1 -1|[x
1 2 2 X2 =0{R3 (—)—Rg}
_1 2 -2 X3

Select first two rows
X1 X5 X3

1 -1 3

2 -2 1 2

X _ X X3
-2+2 -1+6 6-1




X1 _ X2 _ X3

0 5 5
Divided by 5
H_X_X%
0 1 1

0
Eigen vector X, =| 1
1

Case (iii) A = 4:
[A—/II]X:O
[A—4.I]X =0 {-}L=4}

2-4 1 -17x
1 1-4 -2 ||x|=0
-1 -2 1-4|x

2 1 -1x
1 -3 -2 x|=0
-1 -2 -3/ x3

Select last two rows
X X2 X3
-3 -2 1 -3
-2 -3 -1 =2
X X X
9-4 2+3 -2-3

n_%_ X

5 5 -5
Divided by 5
n_% X

1 1 -1

1

Eigen vector X3 =| 1
-1

To check orthogonal property:




0

X" Xp=[2 -1 1]H=[0-1+ 1]=[0]=0

1

1

X' Xz=[0 1 1]{1]:[0+1-1]:[0]=0

-1

2

Xg'X;=[1 1 -1]{1]42-1-1]:[0]:0

1

X1,X4, X3 are orthogonal in pairs.

To find Model Matrix N:

Eigen vector

\/X12 + x22 + x32

Normalized Eigen vector

2 2 2 2 2
Xl:H P+ | &
1 =6 -1
&
1
6 |

0 2 2 2
xzzH J(ofw(l) W]
1 =42 1
7
1
2
1 2 2 2 1
Xs:H Jor e ar | [ L
1 =3 1
7
-1
75

TR
6 V3
101 1
& 2 B
11
V6 V2 3




To find Diagonal Matrix D:

D=NTAN
2 1 1] _ioi
Vo o Bl 4 q[VE 3
1 1 4 1 1
=0 — —|1 1 2= == ——
2\/5{1_21]\/62 3
11 11
V3 V3 V3] 6 V2 3]
2 1 104 1 1 L2 1
J6 6 6| V6 6 B 2 2 3 B
1 1 2 1 2 1 2 1 1
=1 0 = | =-——=-— S R ——
2 2| 6 6 6 2 2 3 B
41 A2, 2, 1,2, 1 1 2
V3 B BV6 6 6 2 2 3 B
(2 4 12 o 4]
V6 6 6| /6 3
o L gt 1 4
2 2| V6 V2 B
101 o 1p 11 4
V3 V3 VBB V2 V3
‘4+1+10+1_1 8_4_4'
J36 /36 /36 Ji2 12 (18 {18 {18
R S g.+ 1 0+ 2.4
V12 12 NIRN J6 6
2 1 1 1 1 4 4 4
- - 0-—+— —_—t —+ —
J18 18 18 6 /6 9 V9 9 |
5 9 0
36
2
=l 0 -—— o0
J4
12
0 0o =
NCR

Sl sin B




To find canonical form:

1 0 0 Y1
YIDY=[y; vy, y3][0 -1 O}y,
0 0 4 y3

=1yf -1y3 +4y3

To find Rank, index, signature and nature:

Rank = Number of square terms.

=3
Index = Number of positive square terms.
=2
Signature = Number of positive square terms — Number of negative square terms.

=2-1
=1

Nature = Indefinite.

21. Reduce the quadratic form 6x,” + 3X,” + 3X,” - 4X, X, - 2X, X, + 4X,X, to its canonical form through an

orthogonal transformation and find the rank, index, signature and nature of the quadratic form [v ex]
(Or)

Reduce 6x, + 3%, + 3X,° - 4X, X, - 2X, X, + 4X,X, into canonical form by an orthogonal reduction and

find the rank, index, signature and nature of the quadratic form [B]

[Jan 2014 R2013] [N/D 2015 R2013] [M/J 2016 R2013, R2008] [N/D 2016 R2013]
Answer:
To find Matrix:

Given Equation, 6X,” + 3X,” + 3X,” - 4X,X, - 2X, X, + 4X;X,

coeff x12 %coeff X1 X2 %coeff X1X3

Matrix = %coeff X1Xy  coeff x22 %coeff X X3

1 1
Ecoeff X1 X3 Ecoeff XoXg  coeff x32



1 1
6 =(-4) (4
2(-4) 2(4)
1 1
=| =(-4 3 =(-2
~(-4) >(-2)
1 1
Z(4) =(-2 3
ORI
6 -2 2
Matrix A=|-2 3 -1
2 -1 3

To find Characteristic equation:

S, = Sum of diagonal elements
=6+3+3
S =12
S, = Sum of minor of diagonal elements
3 -1 6 20 |6 -2
= + +
-1 3| |2 3 |-2 3

=[9-1]+[18—4]+[18—4]

=8+14+14
S, =36
S3=|A
6 -2 2
=-2 3 -
2 -1 3

SR AN A
=6[9-1]+2[-6+2]+2[2-6]
=6[8]+2[-4]+2[4]

—48-8-8

S;=32

The characteristic equation is 13 — 8122 +S94-53=0

231242 4361-32=0
To find Eigen values:
1 -12 36 -32
1=2
0 2 -20 32
1 -10 16 |0

2,2 A const

22 _-101+16=0



~sum=-10and product =16

(2-2)(2-8)=0 [

(-2.-8)
A=2,1=8

Eigen values are 8, 2, 2
To find Eigen vector:
Case (i) A = 8:

[A—/u]xzo

[A 8I]X 0 {-a= 8}

6.8

-2 =0

2

(-2 —2 2 X

2 -5 1% |=0

_2 -1 5| X3

Select last two rows
X X2 X3

-5 -1 -2 -5

-1 -5 2 -1

o X X3
25-1 -2-10 2+10

H_% X

24 12 12
Divided by 12
H_%_X
2 -1 1
2
Eigen vector X; =| -1
1
Case (i) A =2:
[A-21]X =0

[A-21]X =0 {-2=2}




2 -1 1][x Ry

R <
2 1 1%, |20t
2 -1 1| x3 R, & -R,
2x —Xp + X3 =0 (%)
Putx; =0in (*) Putx, =0in(*)
—X2+X3=0 2X1+X3=0
—X2 = —X3 2X1 = —X3
X2 =X3 A_%
-1 2
X %
1 1 -1
0 Eigen vector X3 =| 0
Eigen vector X, =| 1 2
1
To check orthogonal property:
o
Xy Xp=[2 -1 1]|1|=[0-1+1]=[0]=0
1_
—1]
Xy X3=[0 1 1]| 0 |=[0+0+2]=[2]=0
2_
2
Xs' Xy =[-1 0 2] -1|=[-2+0+2]=[0]=0
1
X1, X2, Xzare not orthogonal in pairs.
X
Choose X3 =| X, |such thatXZTX3=Oand X3TX1=O
X3
Xl 2
[0 1 1]/ [=0and[x;, X, x3]|-1|=0
X3 1

141 2-0 0-2

_X _ X
2 2 2
Divided by 2

_%_ X%

1 1 -1



1

Eigen vector X3 =| 1

To find Model Matrix N:

-1

Eigen vector m Normalized Eigen vector
2 2 2 2 | [ 2]
2)"+(-1)" +(1 -
o I R
1 =6 -1
J6
1
N
2 2 2 ]
0)"+(1) +(1
‘- O+ +@? ||
=2 1
J2
1
V2]
1 2 2 2 [ [ 1]
1) +(1)" +(-1 il
B B R e
-1 z\/g 1
NG
-t
NEA
—i . i_
NN
No| 2 L1
NN
11 -
V6 V2 3]
To find Diagonal Matrix D:
D=N'AN
2 1 1] 2 4, L
E & Elg , .6 B
1 1 -1 1 1
=0 = ——=|-2 3 -1]|—= = &=
NPRNES I (NI ING
11 -t 11 -1
V3 B B3] V6 V2 B




(2 1 112 2 2 2 2 6 2 2
6 6 BilV6 VB B V2 V2 B B B
o L 14 8 1 4,83 1 2 3 1
V2 2|V6 6 6 2 2 B B B
101 Ap4. 1.8 41,3 2 1 3
VRN Y RN N RN N - SN BN BN
(2 1 1] 2]
V6 6 6| 6 3
o L 18 2 2
V2 2|6 V2 B
101 -AdAps 2 -2
3 B BllVE V2 B
%2 8 8 2 2 4 2 2]
J36 36 36 V12 12 18 18 18
— 0_i+i 0+i+£ 0+i_i
mm T NN
16 8 8 2 2 2 2 2
- - 0+ —=-— —+t—=+—F=
| /18 18 18 NGENG 9 J9 9 |
-8 _
— 0 0
J36
4
=l 0 — 0
Ja
6
0 0 —
i 9 |
4—800
6
_ 4
2
00E
L 3]
8 0 0
D={0 2 O
0 0 2
To find canonical form:
8 0 0]y
Y'DY=[y ¥, y3]0 2 0fy,
0 0 2| vys

=8y7Z +2y3 +2y3

To find Rank, index, signature and nature:

Rank = Number of square terms.
=3

Index = Number of positive square terms.
=3




Signature = Number of positive square terms — Number of negative square terms.
=3-0
=3

Nature = positive definite.

22. Reduce the Quadratic form 2X; X, + 2X; X3 - 2X, X3 to a canonical form by an orthogonal reduction
and discuss its nature. Also find the model matrix. [G]
(Or)
Reduce the Quadratic form 2x; X, + 2X; X3 - 2X, X3 to canonical form through an orthogonal
transformation and find the rank, index, signature and nature of the quadratic form

[A/M 2011 R2008][M/J 2014 R2008]
Answer:

To find Matrix:

Given Equation, 2X;X, + 2X{ X3 - 2X5X3

coeff x12 %coeff X1 X2 %coeff X1X3
. 1 2 1
Matrix = Ecoeff X1Xp  coeff X, Ecoeff X5 X3

1
Ecoeff X1 X3 Ecoeff XoXg  coeff x32

1 1
0 —(2 —(2
-2 )
1 1
=1=(2) 0o =(-2
~(2) 2(2)
1 1
—(2) =(-2 0
50 52 0
0 1 1
Matrix A={1 0 -1
1 -1 0

To find Characteristic equation:

S, = Sum of diagonal elements
=0+0+0
Sl =0
S, = Sum of minor of diagonal elements
0O -1 |0 1] 0 1
= + +
-1 0] 1 0 1O

=[0-1]+[0-1]+[0-1]



0 1 1
1 0 -1
1 -1 0
0o -1 |1 -1 10
-1 +1
-1 0 10 1 -1

The characteristic equation is 4° - Sl/lz +8,4-8S3=0

To find Eigen values:

11 0 -3 2
0 1 1 -2
1 1 -2 |0
22 A const
P +i-2=0

(,1-1)(,1+2)=0[

A=1LAi=-2

Eigen values are -2, 1, 1

To find Eigen vector:

Case () A =-2:

[A-AI]X=0

[A-(-2)1]X=0 {-

[A+21]X =0

11

1
1

[0+2 1

0+

2

-1

2 1 1
1 2

102

1
-1
0+2

X1

-1 X2 =0

X3

2207 +(-3)a-(-2)=0

202 -342=0

~~sum=1and product = -2

(-1.2)

A=-2}
X1

X2 =0
X3



Select last two rows

3 -3 -3
Divided by 3
X1_X2 _X3
1 -1 -1
1
Eigen vector X, =| -1
-1
Case (ii) A = 1:
[A-AI]X =0

[A-LI]X=0 {-i=1}

[0-1 1 1 X1
0-1 -1 ||xy|=0

|1 -1 0-11| X3

-1 01 1"x1_

1 -1 -1{x,(=0

|1 -1 -1 x3|

101 1] x|

1 -1 -1 X2 =0 {Rl (—)-Rl}
11 -1 -1)x3]|

X1 - Xp - X3 =0 —>(*)

Putx; =0in(*) Putx, =0in(*)
'X2-X3:0 Xl-x3:0
X2 = X3 X1 = X3
X2 _ X3 X1_X3
1 -1 1 1
0 1
Eigen vector X, =| 1 Eigen vector X5 =|0
-1 1

To check orthogonal property:




0
X;"Xp=[1 -1 -1]| 1 |=[0-1+1]=[0]=0
-1
1
X, X3=[0 1 -1]|0|=[0+0-1]=[-1]#0
1
1
Xg'X;=[1 0 1]|-1|=[1+0-1]=[0]=0
-1
X1,X5, Xz are not orthogonal in pairs.
X1
Choose X3 =| X, |such that X," X3 =0and X3' X; =0
X3
X1 1
[0 1 -1]|xp|=0and[x; X, X3]-1|=0

X3 -1

Eigen vector X3

I
)

To find Model Matrix N:

Normalized Eigen vector

Eigen vector
g \/Xlz + x22 + x32
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umber of negative square terms.

B 2
3 3 3 3 0 6
o L tj2z 1 1
V2o 2 ||VB V2 e
2 1 1p2 11
V6 6 VBllV3 V2 V6|
2,22 1,12 11
Jo o o J6 6 18 18 (18
= 0+i_i 0+i+i ()+_:L -_1
% J6 N7 J2 2
-4 2 2 1 1 4 1 1
+ + 0+ - + +
|J18 18 (18 J12 12 36 36 /36
"6 -
— 0 0
NG)
2
=0 — O
N
6
0 0 —
L V36
il 0 0
3
= 3 0
2
0 O s
L 6
(-2 00
D=|0 1 0
10 01
To find canonical form:
2 00 Y1
YIDY=[y; y, y3]0 1 0|y,
0 0 1{vys
— 92 2 2
=-2y; +1y; +1y3
To find Rank, index, signature and nature:
Rank = Number of square terms.
=3
Index = Number of positive square terms.
=2
Signature = Number of positive square terms — N
=2-1
=1

Nature = Indefinite.




