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UNIT I - MATRICES

PART - A
8 -6 2
Find the sum and product of all the eigen valuesof | g 7 _4 (APR/MAY 2015)
2 -4 3

Solution : Sum of the eigen values = Sum of the main diagonal elements = 8+7+3 = 18
Product of the eigen values = | A|= 8(5)+6(-10)+2(10) =0

2 01
If 1 and 2 are the two eigen valuesof A={0 2 0/, find |A| without expanding the determinant.

1 0 2
Solution : Let A be the third eigen value of the given matrix.
We know that, sum of the eigen values = sum of the main diagonal elements.

re.1+2+A= 24242 = A=3
Now, | A| = product of all eigen values = (1)(2)(3) = 6

6 -2 2
The product of two eigen values of the matrix |-2 3 -1/ is 16. Find the third eigen value.
2 -1 3

(DEC/JAN 2011, APR/MAY 2012)
Solution : Let A3, A, , A3 be the eigen values of the given matrix.
We know that, product of the eigen values = | A |
i.e. M Ao Az = |A|

(16) A3 =6(9-1) + 2(-6 +2) + 2 (2-6) [ since the product of two eigen values is 16]
(16)7\,3 =32 = A3=2

7 4 4
One of the eigen valuesof |4 -8 -1] is-9, find the other two eigen values.
4 -1 -8

Solution : Let A4, A, be the other two eigen values.

We know that, sum of the eigen values = sum of the main diagonal elements
e M +A,-9=7-8-8=-9

M+th=0=>M=-% ..(])

We know that, product of the eigen values = | A |

“Oh; ko =|A| =441

Ml =-49 = -T2 (2
A2

TR —49

substitute in (1) we get, — 4, = "=

A2

A2=49= A, =+7
(1) = A4 =7 . Hence the other two eigen values are 7 and -7.
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2 10
5. Find the eigen values of the inverse of the matrix A=|0 3 4 (APR/MAY 2014)
0 0 4
Solution : In a triangular matrix, the main diagonal values are the eigen values of the matrix.
: . ,_ 111
. 2, 3, 4 are the eigen values of A. Hence the eigen values of A™ = 5'3'2"

6. If the eigen values of the matrix A of order 3 x 3 matrix are 2,3 and 1, then find the eigen values of
adjoint of A. (NOV/DEC 2014)
Solution : We know that, adjoint of A= A™|A|.

|A| = product of the eigen values = (2)(3)(1) = 6.
Eigen values of A= ll 1.
23
. : 1.1
.. Eigenvalues of adjA= 5(6), 5(6), (1)(6) =3,2,6
7. State Cayley Hamilton theorem. (NOV/DEC 2014)

Statement : Every square matrix satisfies its own characteristic equation.
. 1 2 ) . .
8. Given Az{4 3] Find A™ using Cayley — Hamilton theorem.
Solution : The characteristic equationis > -S, 4 + S, =0,

Here, S, = 4 andS,=-5 = * -41-5=0.
By Cayley — Hamilton theorem A*> —4 A — 51 = 0.

-3 2
Multiplyby A™, weget A—41-5A"=0 .. A‘lzé[A—M]: i _51
5 5
1 -2 2 -3
9 1f| 2 lisan eigen vector of | 2 1 -6/, find the corresponding eigen value.
-1 -1 -2 0
—2-% 2 =3)(x.) (O -2-% 2 =3)(1) (0
Solution: (A-ADX=0=| 2 1-2 -6||x,|=[0|= 2 1-n -6|]| 2 |=|0
-1 -2 —A) X3 0 -1 -2 -A)-1 0
= (-2-A)()+2(2)+(-3)(-1) =0 = A =5.
2 10
10. Find the eigen vector of A=| 0 2 1 | corresponding to the eigen value 2.
0 0 2
X
Solution : Let X = | x, |be the eigen vector of the matrix corresponding to the eigen valuel.
X3

The eigen vectors are obtained from the equation (A - AI)X =0
2-4 1 0 X, 0
= 0 2-2 1 X, |=|0
0 0 2-2){x 0
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0 1 0)(x) (0

Wheni=2,10 0 1| x,|=|0| =x2=0,x3=0and x; takes any value, say k = 0.
0 0 0O)ix 0

k) (1
Therefore the eigenvectoris | 0 |=| 0
0

a 4
1 cj has 3 & -2 as its eigen values.

Solution : (APR/MAY 2011, 2017)
Sum of the eigen values = sum of the main diagonals = a+c¢=3-2=1-----(1)

product of the eigen values = |A|= (3)(-2) =ac— 4

Find the constants ‘a’ & ‘c’ such that the matrix [

ie. 6=ac—-4—=ac=-2

s c=-2/a
subcin(l) a+c=1 =a+(2ad)=1=a*2=a ie a%*a2=0
solvinga=-1,2 =>c=2,-1
Determine A so that A (x*+ y? +7%) + 2xy — 2xz + 2zy is positive definite.

A1 -1
Solution : The matrix of the given quadratic formis A=| 1 A 1
-1 1 A

The principal sub determinants are given by

A1
Di=h Do=| =2 -1=(A+1)(1-1) & D3=I|A|= A+1)°( -2)

The Quadratic form is +ve definite if D;, D, & D3>0 = A >2
If A is the eigen value of the matrix A, then prove that A? is the eigen value of AZ.
Solution : (JAN 2014)
Let X be the eigen vector of the matrix A corresponding to the eigen value A, then AX = A X.
Multiply by A = A% X = A (AX)

= A (AX)
=2 (L X)
= A*X
Hence, A2 is the eigen value of A%
What is the nature of the quadratic form x> + y?+ z° in four variables? (JAN 2016)
1 0 0O
. . . ) . 1 00
Solution : The matrix of the given quadratic formis A= 010
0 00O

Since the matrix is the diagonal matrix, its main diagonal elements are its eigen values.

.. The eigen values are 1,1,1,0. Hence the nature is positive semi definite.

If 2,-1,-3 are the eigen values of the matrix A, find the eigen values of the matrix A”—21 .

Solution : (A/M 2014)
The eigen values of A% are 22, (-1) ,(-3)° = 4, 1, 9.
The eigen values of A%-2l are 4 —2,1-29-2 =2,-1,7
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2 01
If 2,3 are the two eigen valuesof |0 2 0 |,then find the value of b. (NOV/DEC 2014)
b 0 2

Solution: Let A be the third eigen value of the given matrix.
Sum of the eigen values = sum of the main diagonals
ie.243+tA=6 = A =1
product of the eigen values = |A
(1)(2)(3) = 2(4) +1(-2b) = 6 =8-2b = b=1
Find the rank, index and signature of the Quadratic form whose Canonical form is
x2 +2x5 —3x3. (APR/MAY 2011)
Solution :
Rank (r) = Number of terms in the C.F =3,
Index (p) = Number of Positive terms in the C.F = 2
Signature (s) =2p—r =1
Identify the nature, index and signature of the quadratic form 2x,x, +2x,X; +2X;X; .

(NOV/DEC 2015)
Solution:
0 1 1
The matrix of the quadratic form is given by A=1 0 1
1 1 0

The characteristics equation is A* — S; A% + S, A — S3 = 0.
S1 = Sum of the main diagonal elements = 0
S, = Sum of the minors of the main diagonal element =(0-1) + (0-1)+(0-1) =-3;
Ss = |A| =-1(0-1)+1(1-0)=2
The characteristics equation is A2 -3L-2=0.
(A +1)2( A-2)=0 = The eigen values are A=-1,-1,2
Nature: indefinite
Rank (r) = Number of eigen values.
Index (p) = Number of Positive eigen values.
Signature (s) =2p-r=2(1) -3 =-1.
Write down the matrix of the quadratic form 2x* +8z° + 4xy +10xz —2yz . (APR/MAY 2013)
Solution :
The matrix of the quadratic form is given by
a,,= coeff of x’=2 , a,,= coeff of y* =0, a,, = coeff of 2°=8

a,=a, = %(coeff of xy) = g =2,a,,= ady = %(coeff of xz) = % =5

1 -2
a..=a,, = —(coeffofyz) = — =-1
23— A3 2( yz) >
2 2 5
= A=|2 0 -1
5 -1 8
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0 5 -1
20. Write down the quadratic form corresponding to the matrix A=| 5 1 6], (APRIMAY 2012)
-1 6 2
Solution :
0 5 -1]x
Quadratic form of A is given by X'AX = [x % x]) 5 1 6%
-1 6 2]||x
= 0X? + X2 +2X2 +10%, X, +12X,X; — 2X, X,
PART-B
2 01
1(a) Find the eigen values and eigen vectors of the matrix A=|{0 2 0 (JAN 2016)
1 0 2

Solution:

The characteristics equation is A* — S; A% + S, A — S3 = 0.
S1 = Sum of the main diagonal elements = 2+2+2 = 6;
S, = Sum of the minors of the main diagonal element

2 0] ]2 1|12 0
= + + =(4-0)+(4-1)+(4-0)=11;
‘02“1202()()()
2 0| |o o] o 2
Ss=|A =2 —~ +1 =2(4-0)+1(0-2)=8-2=6.
0 2 |1 2/ ]10

The characteristics equation is AB—622+11A-6=0.
A-1)(2-2)(A-3)=0 =
The eigen values are A =1,2,3
2-12 0 1 \(x
We know that, (A-A)X=0 =| 0 2-4 0 |/ x,[=0
1 0 2-2)(X,
(2-A)x, +0x,+%x,=0
0x, +(2-4)x,+0x,=0 -————@1)
+X +0x,+(2-1)x, =0
Case(1): =1
Substituting A=1 in (1) we get
X, +X; =0,
X, =0,
X, +%X,=0
Solving X, =-X;,X, =0.
Take X, =1 = X;=-1.
1
.. The eigen vectorsis X, =| 0
-1
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Case (2):A=2
Substituting A=2 in (1) we get
X, =0,
X, =0

X, = X; =0 and x; takes any value . Take x, =1

0
The eigen vector is X, =|1

0
Case (3):A=3
Substituting A=3 in (1) we get
X, +X; =0,
X, =0,
X, —X;=0

Solving X, =X,,X, =0.
Take X, =1 = X, =1L

1
.. The eigen vector is X, =| 0

[EEN
o P o~

1 1
The eigen vectors are | 0 |, | 0
-1 1
-2 2 -3
Find the eigen values and eigen vectors of the matrix A= 2 1 -6 (APR/MAY 2014)
-1 -2 0

Solution:

The characteristic equation is . Si A2+ S, A—-S3=0.

S1 = Sum of the main diagonal elements = -1;

S, = Sum of the minors of the main diagonal elements = -21;

S3 = |A| = 45.

The characteristic equation is A3+ 22 -210-45=0.
(A +3)(A+3) (A-5) =0

The eigen valuesare A =-3,— 3,5

—2-1 2 -3\ X,
Consider 2 1-4 -6 || %x,|=0
-1 -2 0-4){x,
(-2-A)% +2x%,-3%,=0
2X, +(1-A)x, —6x%,=0 ————@)
=X —2X, =A%, =0
Case(1): A=5

Substituting A=5 in (1) we get
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—7X, +2X, —3X, =0,

2%, —4x, —6%,; =0,

—X; —2X, =5%; =0

Solving the above equation we get X, =-1,X, =-2,X; =1
-1

Eigen vectors is X, =| -2
1

Case (2) : A =-3

Substituting A =-3 in (1) we get
X, +2X, —3X,; =0,

2X, +4x, —6%, =0,

X, +2X, —=3%X, =0,

The above three equations are reduced to single equation X,

atics Academic Year: 2017- 18

+2X, —3%, =0,

3
Put x, =0 wegetthe value, x, =3 X;=1 .. X,=|0
1

-2

Put X, =0 we getthe value, x, =-2 x,=1 .. X;=|1
0

Therefore the Eigen values A = 5,— 3,— 3 with corresponding
-1) (3) (-2

Eigen vector are

-21,/0,] 1
1 1 0
8 -6 2
Diagonalize the matrix A= | -6 7 —4 |by means of an orthogonal transformation.
2 -4 3
Solution:
8 -6 2
The symmetric matrix A= | -6 7 -4
2 -4 3

The characteristic equation is 23— S1 22+ S, A—-S3=0.
S: = Sum of the main diagonal elements = 18;
S, = Sum of the minors of the main diagonal elements = 45;

Sz = |A| =0.
The characteristic equation is 22— 18 A% +450=0.
(A)(A-3) (A-15) =0 = The eigen values are A =0,3,15
8-A -6 2 \(Xq
Consider | =6 7-A -4 | X9 |=0  ---- 1)
2 -4  3-A)\X3

St. Joseph’s College of Engineering
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Case(1): A=0

Substituting A=0 in (1) we get
8X, —6X, +2x, =0,
6X, +7X, —4x, =0,

2x1 —4x2 +3x3 =0

1
Solving x; =1, X3 =2,X,=2, = Eigen vectors is X1 =| 2
2
Case (2):A=3
Substituting A=3 in the (1) and solving we get
5x, —6X, +2x3 =0,—6x, +4X, —4X =0, 2x1 —4x2 =0
2
solving x; =2, X3 =-2,X, =1, = Eigen vectoris X, =| 1
-2

Case (3): A =15
Substituting A=15 in the (1) and solving we get
-7X, —6X, +2X, =0,
—6X, —8X, —4x, =0,
2X; —4x, =12x3 =0
Solving the above equation (by cross ratio) we get x; =2, X3 =1, x, =-2.

2
Eigen vector is X3 =| -2
1

It is clear that XlTXZ: xlTX3: X2TX3 =0

1 (2)( 2
3 3 3
Normalized Eigen vectors are z, 1 , -2
3 3 3
20|21 1
3 3 3
12 2] 12 2]
3 3 3 3 3 3
Normalized matrix N= 2 1 2 and N'= 2 1 2
3 3 3 3 3 3
2 2 1 2 2 1
3 3 3] 3 3 3
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12 2] 12 2]
3 3 3 g - 27/3 3 3
I A R
2 2 b? 7t 2l 2
13 3 3] '3 3 3]
0 0 O
=0 3 0|=D(0,315)
0 0 15
(b) The Eigen vectors of a 3x3 real symmetric matrix A corresponding to the eigen values 2,3,6 are
(1,0,-1)", (1,1,1)" and (1,-2,1)" respectively. Find the matrix A. (APR/MAY 2011)
Solution:
We know that under orthogonal transformation real symmetric matrix A can be diagonalized in to a
2 00
diagonal matrixD=|0 3 O0|.
0 0 6

i.e. NTAN = D, where N is an orthogonal matrix.

Pre multiply by N and post multiply by N7, we get
N(NTAN)NT = N(D)N"

(NNT)A(NNT) = NDNT

I(A) I =NDN'
.. A=NDN’
(11 1] (1 0 -1
Z B E Z & &
. . o] .l 2 N XN/ 1
Normalized matrix N = ﬁ % —% and N' = % % %
-1 1 1 1 2 A
2 B 6 NG
[EA I ME P 1% ]
Z B | o o2 22
R | 2 1 1 1
ANNE B |, LB BB
-1 1 1 1 =2 1
Z G & % ¥
(2 3 6 [1 o ]
N N O NN TN
3 2 |1 1 1
0B G| B OB, L,
-2 3 6 1 =2 1
Z B BF B
3 -1 1
~A=-1 5 -1
1 -1 3
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Reduce the quadratic form x? +5x,> +X,” +2XX, +2X,X, +6X,X,_into a canonical form by using

orthogonal transformation. Hence find its rank, index, signature and nature. (APR/MAY 2014, 2015)
Solution:

1 3
The matrix of the quadratic form is given by A= 51
11

w P e

The characteristic equation is A*~ S; A% + S, A — S5 = 0.
S1 = Sum of the main diagonal elements =1+5+1 = 7,
S, = Sum of the minors of the main diagonal elements = (5-1)+(1-9)+(5-1) = 4-8+4 = 0;
S = |A] =-36.
The characteristic equation is A° ~7A% +36 = 0.

(A +2)(A-3) (\—6) =0

.. The eigen values are A=—2, 3, 6

1-4 1 3 (%,
Consider 1 5-12 1 (|x,|=0
3 1 1-4

A-A)X + X%, +3%, =0

X, +(5-A)X,+%, =0 -———@1
3% +X,+1-1)x,=0
Case (1): A=-2
Substituting A=-2in (1) we get

3%, +X,+3%;, =0

X + 7% +X% =0

3% +X, +3%;, =0
Solving the above equation (by cross ratio) we get x, =-1,x, =0,X, =1

-1
Eigen vectorsis X, =| 0
1

Case(2): A=3
Substituting A= 3 in (1) we get

—2X + X, +3% =0

X +2X, + % =0

3%, +X,—2% =0

Solving the above equation (by cross ratio) we get x, =1, X, =-1,X, =1
1

Eigen vectors is X, =| -1
1

Case(3): A=6
Substituting A= 6 in (1) we get
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—5X + X, +3%X; =0
X, =X, +X%, =0
3% + X, —5%, =0
Solving the above equation (by cross ratio) we get x, =1, X, =2,%, =1
1
Eigen vectors is X, =| 2
1
-1 1 1
~.The eigen vectorsare X, =| 0|, X, =| -1, X;=|2
1 1 1

It is clear that XlTXZ: XlTX3: X,' X;=0. = allthe eigen vectorsare pairwise orthogonal .

(11 1] 10 1]
Z B Z &
1 : 0 -1 2 S | 1
Normalized modal matrix N=| ——= —= — |and N'=|—+~- — ——
Z B NN
1 11 12 1
2 B 6] RGN
10 1] En £
B | g8 E
N'AN= | — = —— [|15 1||[—= —= —=|=|0 3 0|=D(-2,36)
ﬁ \E \E 311 ﬁ ﬁ \E 0 0 15
1002 1 1 1 1
RN V2 B 6]

Consider the orthogonal transformation X= NY, where N is an orthogonal matrix.
Now, Quadratic form = XTAX = (NY)TA(NY)
(YTNT)A(NY)
YT(NTAN)Y
= YT (D)Y = Canonical form
Under orthogonal transformation X = NY the given quadratic form reduced to canonical form provided
N'AN =D.
-.Reduced canonical form is —2y,? +3y,” +6Yy,’.

Nature: indefinite
Rank (r) = Number of terms in the C.F = 3.
Index (p) = Number of Positive terms in the C.F = 2.
Signature (s) =2p-r=2(2) -3=1.
4(a) Reduce the quadratic form 6x° +3y* +3z° —4xy —2yz +4xz into a canonical form by using
orthogonal transformation. Hence find its rank, index, signature and nature. (NOV/DEC 2015, JAN 2014)

Solution:
6 -2 2
The matrix of the quadratic form is givenby A= -2 3 -1
2 -1 3

The characteristic equation is A -S A%+ S, —S;=0.

St. Joseph’s College of Engineering 11
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S1 = Sum of the main diagonal elements =6+3+3 = 12;

S, = Sum of the minors of the main diagonal elements = (9-1)+(18-4)+(18-4) = 8+14+14 = 36;
Ss=|Al =32
The characteristic equation is A> —121? +36A-32 = 0.
(A-2)(A-2) (A-8)=0
.. The eigen values are A = 8,2,2
6-4 2 2 |[X
Consider -2 3-2 -1 |x%x|=0
2 -1 3-2|(x
(6-A)X, —2X%, +2x,=0
2% +(B-A)X, =X, =0 ———@1
2% =X, +(3=A)%, =0
Case(1): A=8
Substituting A= 8 in (1) we get
—2X, —2X,+ 2%, =0

—2X, —5X, —X; =0

2% —X, —=5%, =0

Solving the above equation (by cross ratio) we get X, =2,X, =-1,%x, =1
2

Eigen vectors is X, =| -1
1

Case (2): A=2
Substituting A= 2 in (1) we get
4%, —2X, +2%; =0
—2X + X, =% =0
2X =X, +%X; =0
All the above equations are reduced to single equation 2x, — X, + X, =0.
Assume X, =0, X, =1. Substitute in2x, — X, + X, = 0we get, X; =1.
0
Eigen vectorsis X, =| 1
1

Case(3): A=2
In order to get the pairwise orthogonal eigen vectors we assume the third eigen vector as

a
X,=| b
c
Since X,' X, =O0we get 2a—b+c=0

Since XZTX3 =0 we get Oa+b+c=0
Solving the above equation (by cross ratio) we get a=1,b=1c=-1
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1
Eigen vectorsis X, =| 1
-1
2 0 1
~.Theeigen vectorsare X, = -1|, X, = 1|, X, =
1 1 -1
2 0 1] 2 -1 1]
J6 o V2 B NN
. . -1 1 1 T 0 1 1
Normalized modal matrix N=|—= —= —=|and N=|= = =
NN PR V2 2 2
1 1 A1 111
V6 V2 B IVEIENCINEY
2 11 2 0 1]
«fff 6_22@f41§ 8 0 0
N'AN= | — —— —||-2 3 -1||-= —= —=1|=|0 2 0|=D
ﬁ \E \E 2 -1 3 \E ﬁ \E 0 0 2
NN Al 1 1 A
V3 B 3] V6 V2 Bl

Consider the orthogonal transformation X= NY, where N is a orthogonal matrix.
Now, Quadratic form = XTAX = (NY)TA(NY)
= (Y"NHA(NY)
= YT(NTAN)Y
= YT (D)Y = Canonical form
..Under orthogonal transformation X = NY the given quadratic form reduced to canonical form
provided N'AN = D. Reduced canonical form is 8y, +2y,? +2y.°.

Nature: Positive definite

Rank (r) = Number of terms in the C.F = 3.

Index (p) = Number of Positive terms in the C.F = 3.
Signature (s) =2p—r=2(3)-3=3.

2 -1 2
5(a) Verify Cayley- Hamilton theorem for the matrix A=| -1 2 -1 |and hence find A* and A™.
1 -1 2

(NOV/DEC 2014, APR/MAY 2017)
Solution:
The characteristics equation is A* — S; A% + S, A — S3 = 0.
S1 = Sum of the main diagonal elements = 6;
S, = Sum of the minors of the main diagonal elements = 8;

S;=|A =3.

The characteristic equation is A> — 6 A2 +8L—3 =0.

To verify Cayley Hamilton theorem, we have to show that A> -6A2 +8A-31=0
2 -1 22 -1 2 7 -6 9

A2=|-1 2 -1|-1 2 -1|=({-5 6 -6
1 -1 201 -1 2 5 -5 7

St. Joseph’s College of Engineering .13
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7 -6 9Y)Yy2 -1 2 29 -28 38

AP=|-5 6 -6[-1 2 -1]|=|-22 23 -28
5 -5 701 -1 2 2 _—22 29

29 -28 38 7 -6 9 2 -1 2 1 00
A’-6A% +8A-31=|-22 23 -28|-6/-5 6 -6|+8 -1 2 -1/-30 1 0
22 -22 29 5 -5 7 1 -1 2 0 01

0 0O

=0 0 O

0 0O

= Cayley Hamilton Theorem is verified.
Find A*

Pre multiply (1) by A
(A3 -6A%2+8A-3)A=0 = A*-6A>+8A%2-3A=0

=A% =6A3-8A% 13A

29 -—-28 38 7 -6 9 2 -1 2 124 123 162
At=6-22 23 -28|-8-5 6 -6|+3-1 2 -1|=/-95 96 -123

22 =22 29 5 -5 7 1 -1 2 95 -95 124
Find A"

Pre multiply (1) by A™
A (A3 -6A%+8A-31)=0 = A%-6A+8I-3A"' =0

= A"l =A% -6A+8I
7 -6 9 2 -1 2 1 00 3 0 -3
A'=|-5 6 -6(-6/-1 2 -1|+80 1 O:% 1 2 0
5 -5 7 1 -1 2 0 01 -1 1 3
(b) Using Cayley-Hamilton theorem, find the matrix represented by
2 11
AP _BA" +7A° —3A°+ A* —5A°—8A* +2A—1 whenA=|0 1 0], (NOV/DEC 2015)
112
Solution:
The characteristics equation is 23— S1 22+ S, A—-S3=0.

S: = Sum of the main diagonal elements = 5;
S, = Sum of the minors of the main diagonal elements = 7,
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S3=|A =3

Characteristic equation : A—52+70-3=0

Cayley-Hamilton theorem states that, every Square matrix satisfies its own characteristic equation.
=A°’-5A%+7A-31=0.

LetP(A) = A®— BA” + 7A®— 3A°+ A*— BA - 8A%+ 2A—|
D(A) = A®>—5A%+ 7A -3l

By long division method we get ,
A’ — BA"+ 7TA®— 3A° + A~ 5A°— 8A’ + 2A-1

=(A°- SAP+ TA = 31 (A°+A) + AP +A+]
=(0) N+A) + AA—A+] = A2+ A+

A+A+] =

o1 O o
g1 w O
o O O

A BAT 4 TA - 3A°+ A" 5A° - 8A’+ 2A-1| =

o1 O o
g1 w O
co O O

UNIT Il - VECTOR CALCULUS
PART A

Find [Vg| if g=2x"—x%y at(2, -2 -1).

Solution:  The gradient of ¢ is V¢:T %+] %+E o9

oy 0z
%:224—2xy, %;’fz—xz, ?5 8xz°
z

Vo= |(22 —2xy)+1( (8xz )

)+
(Y8} 1) = (( )t -2(2)(-2))+ 1(~(2)+k(8(2)(-2))
k

[V, 5, 4 =101-4j-16

Magnitude of v¢=\/102 +(~4) +(-16)?
~[Vg|=100+16+256 = +/372.

Find the Directional derivative of ¢ = 3x?+2y-3z at (1, 1, 1) in the direction 2i +2]j — k.

Solution: The gradient of ¢ is Vg =i %+] 99,k 9
OX oy oz
A= 21 +2] —k where A is the unit normal vector.
(2P +(2)7 + (-2

Directional derivative of ¢ is

v¢.ﬁ={(sxr+zj_3ﬁ).[%ﬂ ven=1
1L,L11) 3

Find the Unit normal vector to the surface x* + y?> —z =1 at the point (1,1,1). (APRIL /MAY 2017)
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Solution:
Leto=x"+y* —z-1
% 5 % 5 2

Now, The gradient of ¢ is Vg=1 — +

9 ¢ is Vg Pl Y pe
%=2x, %=2y, %:_1
OX oy 0z

[Vélowy = (@07 + @] K|y, =27 +2]-K
The unit normal vector is
Vg 2i+2]-k 2i+2j-Kk
ZERE 3

Find the angle between the surfaces x logz = y*— 1 and x’y = 2 —z at the point (1, 1, 1)

Solution: Let ¢; = y*—x logz -1
- - X — - —
V(|)1:-|0g2| +2yj—zk , (V(I)l)(l,l,l):zj_k and |V(1)1|:\/§

Let ¢, = X2y — 2+7
Vo, = T(2xy) 5 TXZ +k@), (Véd)ary= 2i + ]"" K and |V ¢, = G

vive (0K} Z+TK) 0+2-1 =051 L)

P NalvelT (B[R V30 Vo)

In what direction from (3, 1, -2) is the directional derivative of ¢ = x’y’z* a maximum? Find the

magnitude of this maximum. (APR/MAY 2015)

Solution: Given ¢= x%y*z*

Vo= (2x Y2z +(2yx%zh) ]+ (422 x2y)k
[Vélar ) = 96i -+ 288] — 288K

.". The maximum directional derivative occurs in the direction of V¢ =96(i +3] —3k)

The magnitude of this maximum directional derivative is ‘V(I)‘ = 96+/19.

1\_(-r
Prove that Grad (Fj _(F] (JAN 2016)

Solution:
Let F =Xi +yj +zk
r=[f|= X’ +y?+2°
=>r=x"+y’ +7°
diff w.r.t x, we get

o gy X

oX oX r
similarly Q:X ; Q:E
oy r oz r
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or X
g@_“ax To_x
ox\ r r? o

0- -y
i(l} o _r _y
oy\r r? rr

or -z

EvaluateJ‘(sz +XZ) + xyR). df where C is the boundary of a closed surface S.

(JAN 2016)
VAR
Solution: curlF =V xF = Oy o Qz?(x—x)—T(y—y)+ kK(z-2)=0
ox oy oz
yZ Xz Xy
F isirrotational = F is conservative force :I(YZT+XZ]+X)/R)- dr=0
2
Evaluate V*(logr) (MAY 2016)
Solution :
& o| 0
VZ(logr)=>) —[logr]=> —| —logr
v lﬂ _ i 15
OX rax
r’() - x—(r rz—x(2r)g
- i v
ox | rt
r? —x(2r)— 3r’(1) - x2r——y2rx—22r—
.
-2z 3r*- 1
- r4 r4 _r_2
Find ‘@’, such that F =(3x— 2y + )i +(4x+ay—2z)j +(x— y+ 2z)k is solenoidal. (MAY 2015)
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Solution: We know thatis F Solenoidal if divF=0 or V.F=0
div F = Ti+] 9.k 2 I(Bx-2y +2 )i +(4x+ay—z) ]+ (x—y+22)k] =0

OX oy 0z

= %(3x—2y+z)+ %(4x+ay—z)+§(x—y+22)=0
= 3+a+2=5+a=0 .. a=-5.

If A and B areirrotational vectors, prove that Ax B is solenoidal.

Solution: To prove Ax B is solenoidal, we have to show that V-(AxB) = 0

— — — —

A s irrotational = curl A =0 and B is irrotational = curl B =0
V.(AxB)=B-(curl A)—A-(curlB)=B-0-A-0=0

. Ax B is solenoidal.

Show that the vector F = (6xy+ 23)iﬁ+(3x2 - z) I+(3X22 - y) k is irrotational.

Solution:
i j k
crlfF=vxF=| 2 4 oo i(—1+1)— j(322 —32%) +k(6x—6x) =0
OX oy 0z
6xy+z3 3x? -z 3xz? -y

.. F is irrotational.

If F =5xyi +2yj, evaluate_[ F.dF where C is the part of the curve y = x® between x =1 and x =2.
C

Solution: y=x*= dy=3x*dx
_[lf : szj(Sxydx + 2ydy) :f5x(x3)dx+ 2(x3)3x2dx
c c 1
:'T.(5X4 +6x5)dx == [XS + XG} -
1

1
=31+63=94.

If F =x27 +xy?], evaluate the line integral _[ F -dF from (0,0) to (1,1) along the pathy = x.
C

Solution:
= 2 2
[[F -dF =] xdx+ xy*dy (- y=x)
1 3 41
= [(x® +x%)dx = LN
0 3 4 12
0
If F =(4xy—3x%22)i +2x2] —2x3z k .Check whether the integral Ilf-dr is independent of the
c
path C.
Solution:

This integral is independent of the path of integration if VxF=0
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i j k
— 0 0 0 - - _
VxF = —  — |= 1(0-0)— j(-6x%2+6x%2) +k(4x—4x) =0

ox oy o

4xy — 3x%z% 2x2 —2x%z

Hence the line integral is independent of path.
State Stoke’s theorem. (MAY 2016)

Statement: If S is an open surface bounded by a simple closed curve C and if a vector function F is

continuous and has continuous partial derivatives in S and on C, then _U curlF-nds = j F.dr
S C

where N is the outward unit normal vector to the surface.
State Green’s Theorem.
Statement: If M(x ,y) and N(x ,y) are continuous function with continuous partial derivatives in a

region R of the xy plane bounded by a simple closed curve C, then [ﬂde+ Ndy =I (aa—N—aM] dxdy
X oy
C R

where C is the curve described in positive direction.
State Gauss Divergence Theorem.
Statement: If V is the volume bounded by a closed surface S and if a vector function F is continuous

partial derivative in \V and on S , then H F-fids= deiVﬁ dv
S \Y

where N is the outward unit normal vector to the surface.

Using Divergence theorem, evaluate j j xdydz + ydzdx + zdxdy over the surface of the sphere

S
X2+y2+22:a2

Solution: By Divergence theorem, H F-Ads= IHdiVlf dv
S \Y
” xdydz + ydzdx + zdxdy = mv.ﬁ dv:Hj?» dv
\ \Y

S
4 3
- 3| —ma = 3
(3 ] 4rza.

Find the area of the circle of radius ‘a’ using Green’s theorem.

Solution: Green’s theorem is §de + Ndy = H [8—N —6—MJ dxdy
C R

ox oy
1
By Greens theorem, we have, Area = [[dxdy == [ (xdy — ydx) -
R 2¢
Inacircle x> +y*>=a”, x=acos @ y=asind ,0:0->2n
2r 227
. Area= 1 | (a2 c0s20 + a® sin’ f)do = a7.[ dg = na’
20 2 5

If S is any closed surface enclosing a volume V and F = axi + byj + czk , Prove
thatHlE ‘Ads=(a+b+c)V
S

St. Joseph’s College of Engineering .19
Downloaded From : www.EasyEngineering.net


http://easyengineering.net
http://easyengineering.net

Downloaded From : www.EasyEngineering.net

Sub. Name & Code: Mathematics-1I/ MA8251 Dept. of Mathematics Academic Year: 2017- 18
Solution: Gauss Divergence theorem is ” F-nds =_md|VF dv  where divF =a+b+c

JJF -1 ds = [[[divF (aV)= @sbro)[[av=(arbro)v

PART B

1.(a) Given : div(gradr") =v(vr") = v3r"
| ny _ T 6 n = a \ N a )
v(r") =i &(r )+15(r )+k§(r )

=i Xy et Y ke
r r r
=nr"2(xi + yj + zK)
V(") =nr"?r.
Now,
VA(r")=Vv-(nr"?r)
=nV-(r"’r)
:n[v(r“’z)-FH”’ZV(F)]
=n[(n=2)r"'7-F+3r"* |
[( -2)r"™ 4r2+3r”‘2]
=n(n+1)r"?

(b) Provethat curl (grade)=0,usin gStoke' sthoerem (APR/MAY 2017)
Solution : II CU”E.dS = jEdr

Let, F=gradg¢
”curl(gradqﬁ).ds :fgrad¢.dr
= j (Vg).dr
_j@——+19?+k ¢)Mm+dyy+mk)
faqj adx+ o9 dy+8¢ dz

=jd¢:o
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Since , for any open 2 sided surface S, provided it is bounded by the same simple closed curve C.
Hence, R.H.S:

chrl(grad¢) =0 (foranysS, hence for any ds ).
2.(@) If Vg=2xyz% +x22%] +3x%yz?k find ¢(x,y,z) given that ¢(1,-2,2)=4.  (MAY/JUN 2016)

Solution :

~0p ~0¢p -0p
Vo=1 —+|]—+k——(1
(plax+16y+ az—>()
Given: Vo =2xyz2° +x°2°] +3x*yz’k —(2)
~.comparing (1)and (2)

op 3
@ _y 3
™ xyz® — (3)

%ﬁ =x'2° > (4)

o0p 2,2
—4 =3 —(5
0z Xy ()

Integrating (3) w.r.t “x” (keeping y and z as constant)
p=xy2’+f,(y,2)

Integrating (4) w.r.t “y” (keeping x and z as constant)
p=xy2’+ f,(x 2)

Integrating (5) w.r.t “z” (keeping x and y as constant)
p=xy2’+ f,(x,y)
. @ =X"yz® +c ,where ¢ is constant.

Given:¢(1,-2,2)=4

~.—-16+c=4
..c=20

(b) Find ‘a’ and ‘b’ so that the surfaces ax® — byzz =(a+ 3)X2 and 4X2y— 23 =11 cut orthogonally
at (2, -1, -3) (MAY / JUN 2016)
Solution :

Letg, = ax’ —by’z—(a+3)x*

¢, =4x*y—2°-11

Vi = [3ax2 —(a+3)2x]f—2byz}—byzlz
Vg, =8xyi —4x*] —3z%k
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at (2,-1,-3)V¢, =(8a—12)i —6bj —bk
Vg, =161 —16] — 27k

Since the surfaces cut orthogonally at (2,-1,-3), V¢ -V, =0

= —16(8a-12)-16(6b)+27b =0
= —128a+192-69b=0
= 128a+69b =192 - (1)

Since the points (2,-1,-3) lies on the surface ¢(x,y,z)=0 ,we have

8a+3b-4a=12
=4a+3b=12
a=-2.333
Solving equations (1) & (2) we get;
geq (1) & (2)weg b - 7111

3.(®  Find the work done in moving a particle in the force field F= 3x27+(2xz - y)]+ zk along the

curve defined by x> =4y ,3x* =8z from x=0 to x=2. (APR/MAY 2017)
Given :
X =4y
G 2X X
Sy=—=dy=—=—
4 4 2
Also, 3x* =8z
3x°
=7="
8
=dz= Bx 1%
8 4

Work done = Il—f.dF
~ j (3X%1 + (2xz - y) j + zK).(dXi + dy j + dzK)
= _[szdx +(2xz - y)dy + zdz

2 2 2
3x2dx+(2x.31—x—).§.dx+SL.%dx
i 8 472 8 4

|| Sy N

X

2 4 3 3
= @+ XX g
8 8 32

x=0
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13 3 x* 9x! i
{? W% @}
1219
5 28

- 320+96-20+45 441

40

40

Verify Green’s theorem for _[ [x2(1+ y)dx+ (x3 + y3)dy] where C is the boundary of the region

Cc
defined by the lines x = £land y = +1.

(MAY / JUN 2016)

Solution :

) Given:Ix2 (1+ y)dx+(y3+x3)dy
M =x*(1+y)
M _ .
oy
Also,N = y* +x°
N _ 3x°
oy

By Green’s theorem ,

'[de+Ndy:jRj[

Consider,
ON oM

@—@jdxdy
oy oy

i [g‘gj‘j"dy -[[(ae-0)

St. Joseph’s College of Engineering

-1-1

Le—n
Le—n

(2x* ) dydx

wl_b L'—.»—\ 'L'—.I—‘
| —
Wb
L 1
o
<

-2l =3~
consider

.[de+Ndy: I+I+I+J'
c AB BC CD DA

AlongAB, y = —1,dy = Oandx var iesfrom —1tol
1
I Mdx + Ndy = I x*(1-1)dx =0
c -1

AlongBC,x=1,dx=0

23
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And y varies from -1 to 1,

_[ Mdx + Ndy = j(y3 +1)dy
BC -1

4 1
5o
4 -1

=2
Along CD y=1,dy=0 and x varies from 1to -1,

7 2" -4
I Mdx + Ndy:IZXde: | =—
CD 1 3 3

Along DA, x= -1,dx=1 andy varies from1to-1,

1

. T v T
..IS[A\de+Ndy:_!.(y3—1)dy:{T—y} =2
.!de+ Ndy:0+2—g+2:g

< (1)=(2)

Hence the theorem is verified .

Verify Gauss divergence theorem for F =4sz—y2]+yzR taken over the cube bounded by the
(APR /| MAY

-(2)

planesx=0,x=1,y=0,y=1,z=0and z = 1.
2015)

Solution :G.D.T is H F.Ads = ”IV.Ifdv
S \

F =4xzi —y?] +yzk
V.F=47-2y+y=4z—y

Now

J[]va-

(42— y)dxdydz [ dv = dxdydz]

O Sy

|

O e

1

[42x— yx] dydz

0

O ey
O Ly

f sy =J a0y 2]

0

L 1 22 1|
=j(4z——jdz =l4—-=z
0 2 2 2

0
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:(g_lj_ozﬁ
2) 2

Now [ Fonds = ([ [ [T+ [+ [] (] [ 2

sl s2 s3 s4 s5 s6

() [ [ F.nds D E
S1

- [ (axai — 25 + yzK ) dydz

AEGD

= ﬁ 4xzdydz

AEGD
11
J.j4zdyd2 ‘x=1on S, |
00

1

1
(4yz) dz = '|.4zdz
0

22T 4
4—| =—=2
2], 2

(ii)j j F fds
S2

1]
O ey

= (4sz —y2 ]+ szZ).(— i )dydz

OBFC

11
=”—4xzdydz
00
=0 [+x=0onS, ]
(iii)Hlf.ﬁds
S3

= | (axai — 2T + yzk ). jobxdlz

EBFG

o'-—,na

1
_[ y2dxdz [-y=1on S, |
0
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=— ﬁdxdz = —j(x)ldz

" 1

:—Ildz=—(z) =-1
0 0
('V)I.[F Ads = J.J.(4XZI y j+ka)( J )dxdz

OADC
= ﬂyzdxdz
OADC
=0 [ y=0 on thissurface ]

(v) j jlf.ﬁds
S5

ﬂ (4sz —y i+ szZ)Idedy

DEFC

O'—.l—‘

1
J.yzdxdy[ z=1on S, |
0

1

11

”ydxdy I

00 0
1 2t
[ ydy = y_} _1
P -

(vi)”ﬁ.ﬁds
S6

= (4xzf —y2 ]+ yle).(— IZ)dxdy

OAEB

11

.” yZdXdy *Z2=0 on this surface ]
00

=0

JJRads= [l [0+ 10

sl s2 s3 s4 s5 s6

= 2+0—1+0+1+0:§
2 2

”ﬁ.ﬁds:j”vﬁdv
S \
Hence G.D.T is verified
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Verify Stoke’s theorem for the vector F =xyi —2yz j—xzk , where S is the open surface of the

rectangular parallelopiped formed by the planesx =0,y =0, x =1,y =2 and z = 3 above the XOY
plane.
Solution :

Stoke’s theorem states that :

jﬁdf:ﬂvXﬁdg
C S

ar

xydx — 2yzdy — xzdz

.

Fdr= [Fdr+ [Fdr+ [Fdr+ [Fd
OA AB BC CD

=l

0O e,y T

Along OA y=0,dy=0,z=0,dz=0

jﬁdr:o
OA

Along AB ,x=1,dx=0,z=0,dz=0

[Fadr=o
AB
Along BC,y=2,dy=0,z=0,dz=0

j = dF = j)'2xdx =-1
1

Z
BC
A

Along CO x=0,dx=0,z=0,dz=0 F
IFdrzo G £
Cco

.[ F .dl’ == —1 A 0 C
C
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_2yi + 7] — xk

Lijlf-ﬁds:jj+£J;+....+_££

S1
X=0A=—
32 3 2
HVX F.Ads :—IIZydydz :—j(yz) dz
S 00 0 0
=—4x3=-12
Xx=LA=1

[[VxF-nds =—ﬁ2ydydz =12
00

ﬂVx F - AdS =—ﬁzdxdz :—JS‘ zdz
00 0

31 9
ﬁvxﬁ-ﬁds=”zo|xo|z=E
00

jjwﬁ.ﬁds:—12+12—9+9—1
: 2 2
= -1

LHS=RH.S

St. Joseph’s College of Engineering
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Verify Gauss divergence theorem for F = (X2 - yz) I+ (y2 - zx)j + (22 - xy)k taken over the

rectangular parallelopiped bounded by the planesx=0,x=a,y=0,y=b,z=0,and z=c.
(MAY /JUN 2014)
Solution:

By Gauss - Divergence theorem HF-;MS = .”l divE -dV

Evaluation of LHS:

ﬂF ids = |[ F- nds+_“F rids +.. +HF sids

| Ry 3¢
. .
Over S1:x=0, n=—i

c c 23 2 (.2 2.2
|F nds=j. vz)dydz =j :{—] dz =b—[‘_] _bc
2 21 2 4

51 0o 1] 0

...'I}'

A .
OverSa:x=a, n=1

| 2 0
"L
A -
OverS;:y=0, n=—J
<4 F Jr2 ‘ a’ | ¢? a’e?

I]F nds=f|(xz)dxd: =J {—:] d= :_{_]:

: F 2 21 2 +

53 00 0 0

M .
Over Ss:y=b, n=j

~ 41 € 2 2.2
Hf-nds=“ (—x:+b2)dxd_ =I [_:{a_]+ bja:] - = ab’c- a:
Sy 00 0
A -

OverSs:z=0, n= -k

- o[ (.2 2,2
J;'!Fﬂnds-{g(.\j)dxd\ I [1 ] i a

. 0 0
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Pl .
OverSs:z=c, n= k

ba 5 a’ a’b>
“F nds:“(—x}'+c ydxdy=||-) T]+ c’a aﬁ-‘:abcz—
Se 00 0 =
A B2 5 B a » a’? o’ %
“F-JM’S: +a be— + +a b e— + +a bec” —
:

= a*be+ab*c+abc® =abe (a+b+c)

Evaluation of RHS:

V.F=2(x+y+2)

cha
IH?F&’PEJ*JJ.l(x+y—:}drd}= dz
r 000
AP T
= EJJ IT+:4,y+x: dvdz
ooL -~ do
ch _HE 3
=2_” —-tay+az dydz
ooL ™ i
AP 2 =
=-."-*I —y+a—+ayz | dz
) 7
oL~ - 0

a3 [
a’bz ab’z abz?
+ +

2 2 2
0
2 2 2
a“be ab“c abc 5 "
= 3[ —t—* }= a*be +ab’c +abc” =abc(a+b+c)

Hence, Gauss divergence theorem is verified.

UNIT-111 ANALYTIC FUNCTIONS
PART-A
Define an Analytic function (or) Holomorphic function (or) Regular function.
Solution: A function is said to be analytic at a point if its derivative exists not only at that point but also

in some neighbourhood of that point.

Define an Entire (or) an Integral function.
Solution: A function which is analytic everywhere in the finite plane except at z = «is called an entire
function.

Example: €7, sinz, coshz.
State the necessary conditions for f(z) to be analytic.
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Solution: The necessary conditions for a complex function f(z) = u(x,y) + i v(x,y) to be analytic in a
region R are

a_v and y__u (i.e) C— R equations.
ox oy ox oy

State the Sufficient conditions for f (z) to be analytic.

Solution:
If the partial derivatives a—u@@a—u exist and continuous in D and satisfies the
OX Oy OX oy
conditionsa—u = ol and Gl = _a_u. Then the function f(z) is analytic in a domain D.
oX oy OX oy

Give an example of a function where u and v are harmonic but u + iv is not analytic. (MAY/JUNE 2016)

Solution:
Let u=x andv=-y

ule,uy:O, Uyyx =0, uyy:O;
vy =0, Vy =-1
Vyx =0, Vyy =0
Uxx +Uyy =0 =u isharmonic.
and Vyy +Vyy =0 =V isharmonic.

Butuy = vy and uy # vy =u and v arenot analytic.

Find the critical points of the transformation w? = (z—a)(z-PB) (MAY/JUNE 2016)
Solution: Given: w? =(z-o)(z-B)—————— (1)

. . dw dz
Critical points : If w = f () then pr =0 and w =0

z W
Differentiate with respect to z, we get
2Wi—‘2’=(2—a)+(z—[3)=22—(a+[3) ———————— (2)
Haw Pz ~eatap UL LA LILIT, T (3)
dz 2w

d—W:0:>z:OL—+B and E:0:>2—W:0
dz 2 dw 2z—(a+p)
=w=0 =>(z-a)(z-B)=0 =>z=0q,p
The critical points are OLTJFB ,a and B
Define Harmonic function.
Solution:

Any function which possess continuous second order partial derivatives and which satisfies Laplace

2 2
equation is called a harmonic function. (i.e) If %+% =0 , then f is harmonic then
OX
The real part of an analytic function f(z) is constant, prove that f(z) is a constant function.
( MAY 2017)

Solution:

Letf(z)=u+iv
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Given u = constant. = uy =0and uy="0

by C-R equations, ux=0 =vy=0 andu,=0 =V, =0
f'(z)=ux+ivy=0+i0=0
Integrating, f(z)=c (where c is a constant)

Define Conformal transformation.

Solution: A mapping or transformation which preserves angles in magnitude and in direction between
every pair of curves through a point is said to be conformal transformation.

Define Isogonal transformation.

Solution: A transformation under which angles between every pair of curves through a point are
preserved in magnitude but altered in sense is said to be isogonal at that point.

Define Bilinear transformation (or) Mobius transformation (or) linear fractional transformation.

az+b
cz+d
bilinear transformation. This is also called as Mobius or linear fractional transformation.
Define Cross Ratio.

Solution: The transformation w = , ad — bc= 0 where a, b,c,d are complex numbers is called a

, , , o 2,-2,)\z5 -2
Solution: The cross ratio of four points z,,z,,2,,2,is given byg L 2))2 3 4;.
2, -2,z -2,

Show that f (z) = |z|2 is differentiable at z = 0 but not analytic at z = 0. (APR / MAY 2015)

Solution: Letz=x+iyand Z=x—1ly

|z|2 77 =X’ +y°

f(z) =z = (x* +y?) +i0
u=x*+y*, v=0

u, =2X , v, =0

u, =2y , vy:O

So the C-R equations uy = vy and uy= - vy are not satisfied everywhere except at z = 0.
So f (z) may be differentiable only at z = 0. Now uy = 2X, vy = 0 and uy= 2y v, = 0 are continuous

everywhere and in particular at (0, 0). So f (2) is differentiable at z = 0 only and not analytic.
Determine whether the function z is analytic or not. ( MAY / JUN 2014)
Solution: Let z=x+1y

Z=Xx-—1y

U=X,V=-Yy

u, =1 v, =0

u, =0 Vv

Uy #Vy Vy =-U,
C-R equations are not satisfied. Therefore f (z) is not analytic.

Find the map of the circle |z| = 3under the transformation w = 2z (NOV / DEC 2012)

Solution: Givenw =2z, |z| =3
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w|=2|z]
|w|=2(3)=6

Hence the image of the circle |z| = 3in the z-plane maps to the circle |w| = 6in the w-plane.
Show that the function u = 2x — x> + 3xy? is harmonic.

Solution: Given u =2x— x> + 3xy’
Uy = 2 — 3 + 3y2 uy = 6xy
Uy = —bX Uyy = 6X
Uy +Uyy =—6X + 6x=0
Hence u is harmonic
Find a function w such that w = u + iv is analytic, if u=e*siny
Solution: Given u = e*siny
u, =e*siny uy =e*cosy
u,(z,0)=e%(0)=0 uy(z,0)=e’(1)=e’
By Milne Thomson's method
f(z)=[ux(z,0)dz-ifuy(z,0)dz =0—ife’dz =—ie’ +C
Find the image of the hyperbola x? — y*= 10 under the transformation w = z2
Solution: w=z*=u+iv=(x+iy)’ =x* —y? +i2xy
u=x?—y*andv=2xy ; xX*~y*=10 (i.e) u=10
Hence the image of the hyperbola x*> — y* = 10 under the transformation w = z% is u = 10 which is a

straight line in w plane.

Obtain the invariant points of the transformation w = Z—_i (APR / MAY 2015)
Z+
. . z-1
Solution: Given: w=——
z+1

The invariant points are obtained by replacing w by z.

) Z— )
e z=—" =2*+1=0 ..z=+i
z+1

Find the image of the circle |z| =1 by the transformation w =z + 2 + 4i
Solution:
Giveni:w=z+2+4i

U+iv=x+iy+2+4i =(x+2)+i(y+4)

u=x+2, v=y+4
2 X=Uu-2, y=v-4
= |7 =1
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x2+y*=1 Hence (u—-2)*+(v-4)"=1
The circle in the z-plane is mapped into the circle in the w -plane with centre (2, 4) and radius 1

PART B

2 2
1. If f(2)is aregular function of z, prove that(aa—2+%Jlog|f(z)|=o
X

(APR / MAY 2017)
Solution :
Given
f(z)=u+iv
f(2)=Vu +v
log| f (z)=;log(u2 +V7)
V'log|f (z)|= Vélog(u? +V7)
1( o0 ©
== log(u® + Vv
2(5% WJ 9( )
/¢
————— 1
=G, @
consider,

1

X
(U +v)[uu +w +u+vi]=[uu +w ]

(U +v)
(U +V)uu +w o +ut+vi]=[uu +w ]

(U +v')
62

62
o _ —+— |log|f(z)|=0
Substitute in equation (1), we get \9x" oy

10 1 ( ou 6vj
2U— +2vV—
Zax u +v ax 0

5 Provethat u=x?—y2 &v=—2

are harmonic functions but not harmonic conjugate. (NOV 2014)
X“+y

Solution :
u=2x; u=-2y
u =2 , u =-2
u +u =0
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similarly

v :22xy2 - and v :(y: _X:)z
(X +y) (X +y)

v.+v =0

Hence u and v are harmonic.
But C-R Equations are not satisfied
Hence u+iv is not an analytic function

Academic Year: 2017- 18

Prove that w = ﬁ maps the upper half of the z-plane into the upper half of the w-plane. What is

the image of the circle |z|=1 under this transformation?

Solution :

w:li:>w(l—z):z

W—Wz =2 w=(w+1)z w=(W+1)z
w
7=—
w+1
Put z=x+iy, w=u+iv
UiV (u+iv)(u+1)—iv
X+iy=—— = . .
u+iv+1 (u+iv+1)(u+1)—iv

_u(u+l)—iuv+iv(u+1)+v? (u?+V* +u)+iv

(u +1)2+v2 (u +1)2+v2
Equating real and imaginary parts
u®+v>+u v

u+1)° +v? u+1)° +v2
(u+1)

Vv
=0>D——=0
/ (u+1)2+v2

y>0:>+>0:>v>0
(Uu+1)" +v?

(NOV / DEC 2012)

Thus the upper half of the z plane is mapped onto the upper half of the w plane.

Prove that the real and imaginary parts of an analytic function are harmonic function. (MAY 2014)

Proot:

Let f (z) = u + iv be an analytic function of z. Then by C- R equations we have,

Ou Ov ov Cu
— =) —=——. @)
ox oy ox Oy
Differentiating (1) partially with respect to x, we get
o’u v
S s 3)
ox~  Oxoy
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Differentiating (2) partially with respect to y, we get

ou B ov

Adding (3) and (4), we get
o’u +63u B o’v 3 o’v B
ox* oy’ oxdy Oyox

.. u satisfies the Laplace equation.

Similarly

Differentiating (1) partially with respect to y, we get

o°’v  du
S e 5)
oy~ Oyox
Differentiating (2) partially with respect to x, we get
o’v o’u
g [ e e ereeeen (6)
ox Oxdy

Adding (5) and (6), we get
o'v o' ’u  u
+—= + =0

o’ ot axdy ovdx

..y satisfies the Laplace equation.

Show that the transformation w =% transforms in general, circles and straight lines into circles and

straight lines. (APR/ MAY 2017)
Solution :
1
W=—=27=—
z w
. 1 u-—iv
= X+1y = =

u+iv  u?+v?

—x=—"_and y=
u? +v? u? +v?
Consider the equation a(x’+y?)+bx+cy+d=0 ------------ (1)

This equation represents a circle if a = 0 and a straight line ifa=0
. 1 .
Under the transformation w = — equation (1) becomes
z

d(U*V?)+bu — cV + @ = 0-------------- (2

This equation represents a circle if d = 0 and a straight line if d = 0
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Value of aand d

Equation (1) and (2)

Conclusion

az0, dz0

Equation (1) and (2) represents a
circle, not passing through the origin,
in the z—plane and w—plane

The transformation maps a circle not
passing through the origin in z—plane into a
circle not passing through the origin in w—
plane

az0,d=0

Equation (1) represents a circle
passing through the origin in the z—
plane and equation (2) represents a
straight line not passing through the
origin in w—plane

The transformation maps a circle passing
through the origin in z—plane into a straight
line not passing through the origin in w-
plane

a=0, dz0

Equation (1) represents a straight line
not passing through the origin in the
z—plane and equation (2) represents a
circle passing through the origin in w—
plane

The transformation maps a straight line not
passing through the origin in the z-plane
into a circle passing through the origin in
w-plane

a=0,d=0

Equation (1) and (2) represents a
straight line passing through the origin
in the z—plane and w—plane

The transformation maps represents a
straight line passing through the origin in z—
plane into a straight line passing through
the origin in w—plane

Thus the transformation w = — maps the totality of circles and straight lines as circles and straight lines.
z

Find the bilinear transformation which maps the points of z-plane -1, 0, 1 into the points -1, -i,

w-plane respectively.

(APR / MAY 2017)

-1)]

be the imaginary part of an analytic function? If so construct an analytic

Solution :

Cross-ratio
(W—Wl)(Wz—Wg):(Z 2,)(z, - 2,)
(W—w; )(w,—w,) (z2—-2,)(z,-2)
(w-(D)(-i-1) _[2-(-1)][0(
(w-1)(<i-(-D)  [z-1][0-(-D)]
w+l 1+z(i1-1
' w—1:1—z[i+1J

Canv=tan™ (%)

function f(z) = u + iv, taking v as the imaginary part and hence find u.
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Solution :
y

Given v=tan™ (—)
X

By Milne Thomson Rule
f(z)=Iv (z,0)dz +ijv (z,0)dz +C ,C —complex const.
f(z)=logz+C
To find u:
f(z)=log(re’) [-z=re"]
u+iv=logr+i@

u=|ogr:;Iog(x2 +Y)

Prove thatw= Lawherea # 0is analyticwhereasw= ‘La isnot analytic. (MAY/JUNE 2016)
Z+ Z+
Solution:
we_Z = x+iy — x+iy  x+iy (x+a)—iy
Zz+a x+iy+a (x+a)+iy (x+a)+iy\(x+a)—iy

_(+iy)(x+2)-iy) _x(x+a)+y” . (X+a)y-xy
(:':+a)2+y2 (x+a)2+y2 (1i:+a)2+y2

2

x(x+a)+ a
W= ( 2) yz-l-i 5; 3
(x+a)" +y (x+a)"+y

u v

x(x+a)+y2
u=—-;
(x+2a)? +y?
_ (x+a)’ +y?)(2x+a) - (x(x+2) + y*)(2(x +2))
; (x+2)* +y?)?
_ 21i:()(+a)+21i:y2 —ZXZ(X+a)—ny2 —.".ax(x+a)—2ay2
(x+a)’ +y?)?

_a((x+a)’—yh)
" vt ey
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o = (42 +y)(2y) - (x(x+2) +y)(2y)
' (x+2)* +y?)?
_2y((x+a)’ +y’ —(x(x+2) +y?))
B (x+2)* +y2)?

_ Zy(qu2 +ax+az+y2 -x? —ax—yz)

) (x+2)” +y?)?

_ 2ay(x+a)
Y a4y

-(2)

— ay -
v (x+a)2+y2,
_ ((x+2)? +y?)(0) - (ay)(2(x +2))

(x+2)* +y?)?
—2ay(x+a)
Y o((x+a)r +y?)? T

X

-(3)

_ (x+a)’ +y*)(@) - (ay)(2y)

' (x+2)* +y?)?

_a((x+2a)’ +y* —2y?)
(x+2)* +y?)?

LI CS.L) e b R

(x+a)’ +y*)*
From (1) and (4), u,=v,

From (2)and (3), u,=-v

y X

Also Uy,Uy,Vy,Vy are continuous functionsin xand y.

Hencew= isanalytic.
z+a
Now W= z _ x-iy _ x-iy _ x-iy (x+a)+iy
Z+a Xx-iy+a (x+a)-iy (x+a)—iy\(x+a)+iy
_(x-ip)((x+a)+iy) _ x(x+a)+y? | ((x+a)y +xy)
(Jq{+a)2+y2 (}u{+a)z+y2 (1(+s|)2+y2
2
X(x+a)+ . —-a
w=( z) yz'“ 2y 2
(x+a)" +y (x+2a)" +y
M R
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u x(x+a)+ y2 X

(x+a)2 +y2 ’

L - A(+a)’ -y

= ...(5

T ey
2ay(x+a)

= ...(6

Y(x+a)t +y?)? ©

- —ay .

v_(x+a)2+y2,
2ay(x+a) (D

YT ()t +y?)

o o)’ —y?)
o(x+a) )

..(8)

“rom (5) and (8), wu,#vV,

‘rom (6) and (7), uy #-v,

Hence w= —
Z+a

isnot analytic.

9. Find the bilinear transformation that transforms the points z = 1, i, -1 of the z-plane into the points
w =2, i, -2 of the w-plane. (MAY/ JUNE 2016)

Solution :

(w=—w)(w, —w,) (z-2)(z,-2)

(W=w; )(w, —w)  (z2-2,)(2,~2)
(wW=2)(i+2) (z-1(i+1)
w+2)(i-2) (z+D(i-2)

We z(6+18i)-2i+6
Z(-1+3)+3+9i

W:z(6 +18i) + (6 - 2i)
zZ(—-1+3)+(3+9i0)

10. Determine the analytic function f(z) = u + iv, given that 2u+3v = e¢*(cos y — sin y).

(APR / MAY 2017)
Solution:
Given 2u+3v=e*[cosy—siny]

f(z)=u+iv. (1)
3if (2)=3iu—3v . (2)

St. Joseph’s College of Engineering . 40
Downloaded From : www.EasyEngineering.net


http://easyengineering.net
http://easyengineering.net

Downloaded From : www.EasyEngineering.net

Sub. Name & Code: Mathematics-1I/ MA8251 Dept. of Mathematics Academic Year: 2017- 18
(x2=2f(z)=2u+i2v ... (3)

(3)-(2)=(2-3i)f(z)=(2u+3v)+i(2v-3u) ... (4)
F(z)=U +iV
~.2u+3v =U =e*[cosy—siny]

au .
X, =——=€e"CoSsy—eSIn
¢ (xy) ™ y y

¢ (z,0)=¢’

ou X cin v aX
¢2(x,y)_&_—e siny—e*cosy
¢,(z,0)=—€*

By Milne Thomson method
F'(z)=¢(z,0)—ig,(z,0)
IF'(Z) dz=jezdz—ij—ezdz
F(z)=(1+i)e’+C————— (5)
From (4) & (5)
(1+i)e*+C=(2-3i)f (2)

f(z)= 1+I_ez+ & _
2-3i 2-3i
f (z): —1+5i PN C _
13 2-3i
UNIT - IV COMPLEX INTEGRATION
PART - A
State Cauchy’s Integral Theorem. (APR/ MAY 2015)

Solution: If f (z)is analytic at every point of the region R bounded by a simple closed curve C and if

f '(2) is continuous at all points inside and on C, then J' f(z)dz=0
C

2
What is the value of the integral I?ﬂ+—7lzﬂdz,where Cis|z|= %? (NOV / DEC 2014)
S Z+
2
Solution: Let f(z) = Isz+—mdz
z+1

C
Singular pointisgivenbyz+1=0 =z=-1
Putz=-1 .'.|z|:|—1|:1>%

z =-1 lies outside C. .. f(z) is analytic inside and on C, f '(z) is continuous inside C

2
Hence by Cauchy’s integral theorem I f(2)dz=0= _.'3Z+—7Z+1dz =0
s 2 z+1
State Cauchy’s integral formula for n™ derivative.
Solution: If f (z)is analytic inside and on a simple closed curve C and z = a is any interior point of the
region R enclosed by C, then f”(a):”_!_j&dz
2721 C (Z_a)n+1
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Evaluate | ifCis|z|=2
C z+3
. -3 . , _ dz .
Solution: The pole z =— lies inside the circle |z | =2 j =27ixR.
2 c22+3
f(2)=1
dz 1, dz 1 dz 1 (-3
Hence j22+3=§ 3=§j REE ) (=32
C Cz+- cZ_(_j 2 )~
2 2
= Ti
Evaluate J. dz ifCis|z|=

: COS 7z . L
Solution: Let I = J. 1 dz. Singular pointis givenbyz-1=0 =z=1
Lz

Let f(z) = cos nz which is analytic inside and on C.

COS 71z f
= dz:>|:jﬂdzzznif(1)=2nicosn=—2ni.
/e cz-1
1 :
Expand —- atz=2 as a Taylor’s series. (MAY / JUNE 2016)
YA

Solution: Let f(z)= — . z=2is aregular point so, we can find Taylor’s series about z = 2.
YA

f(2)= f(a)+ (a)(z a) + (a)(z )2 +...

f —i f(2 _1

(2)= 2 ()_Z

2 ; __1

f'(z)= 2% f'(2)= ra
" 6 n — 3
f (z)—? f(2)_—23

f(2)=f(2)+- '('2) (z—2)+L(IZ)(z—2)2+

1 3(z-2)?
=35 @42 bt TP il
( )+ ( )? + 4{ > }
Obtain the Taylor’s series expansion of log(1+z)whenz =0.

Solution: Let f(z ):Iog(1+z) f(0)=logl=0

1
f'(z) = £10)=—— =1
@)= 1+z © 1+0
-1
f"(z) = f"(0)=-1
@ (1+2)?
"(2)= 2 f7(0) =2
+2)
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e p— £(0) =6
(1+2)*
.I: ’ f " 22 Z3 Z4
log(1+2) = f(0)+ (0)z+ (O)zz+...=z——+———+
il 2! 2 3 4

z

Obtain the Laurent expansion of the function in the neighbourhood of its singular point.

2

(z-1)
Hence find the residue at that point.
Solution: z=1is a pole of order 2. Put

2 ee' e u> ud e e e|u* u®
z-1=u.. f(z)=( € )2 =— :—2{1+u+—+—+... =ttt +..
z-1 u u ! u ! I

~.Residue of f(z) = coefficient of 1 _¢
u

State Laurent’s series.
Solution: If C;, C, are two concentric circles with centre at z = a and radii ry and r, (r; < r) and if (z)
is analytic inside and on the circles and within the annular region between C; and C,, then for any z in

the annular region, we have f(z)=>a (z-a)"+> b,(z—a)™ where
n=0 n=1

n:idez and bn:i_'fidz
27 C. (Z_a)m-l 27i c, (Z _a)—n+1

State Cauchy’s Residue theorem. (MAY / JUN 2014)

Statement: If f(z) is analytic inside a closed curve C except at a finite number of isolated singular points
a1,d2,...a, inside C, then j f (z)dz =27ix(sum of the residues of f(z) at the singular points lying inside C).
C

Determine the poles and residues at each pole of the function f(z) = cot z

Solution: Given f(z) =cotz = C_i
sinz

The poles of f(z) are given by sinz=0 = z=nnwhenn=0, +1, £2,...

P(nz) | cosz _cosnz
Q'(nx) i(sin 2) cosnz
dz

Z=nr

Residue of f(z) at z=nm 1s 1

Find the residue of f(z) = z° sin(lj atz=0
z

()
Solution: Given f(z) = z°sin 1 =72 l—z—+___ :E_i+
Z 1 3! 1 6z

Residue of f(z) = z° sin(lj at z = 0 is the coefficient of + = —
z z
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: : . sinz-z
Discuss the nature of singularities of — at z=0
YA

_sinz-z

3

Solution: Let f(z)
z

.The function f (z)is not defined atz=0. But by L’Hospital’s rule we have,

sinz—-z cosz-1 —sinz —-cosz -1
Iim——= = lim 5z ~lim % = lim =
z—0 Zs z—0 322 z—0 6z z—0 6 6

Since the limit exists and is finite, the singularity at z=0 is a removable singularity.

e2z

Evaluate J‘ dz where C is ‘Z‘ =lusing Cauchy’s integral formula.
C (Z + 2)4
Solution: :

By Cauchy Residue Theorem, f"(a)= n—l j f(—z)ldz
27l C (Z — a)n+

Z =-2 lies out of the given circle ‘Z‘ =1, hence jidz -0
c(Z+2)4
£ (2) :—il-z[u(z 1)+ (z-1)? +..] find the residue of f ) atz=1.  (NOV/DEC 2012)
Z_

Solution: Given the series expansion of f(z) aboutz=1is = —Ll — 2[1+ z-D+(z-D*+ ]
Z —

Residue at z = 1 is the coefficient of (z — 1)
.. Residue of f(z) atz=11is -1

Find the value of dz whereCis|z|<3

.’ 0 B
¢ (2-4)°(z-2)

aleari
(2-4°(z-2)

The poles are given by(z — 4)*(z—2) = 0= z=2 & z = 4 (thrice)

Solution: Given f(z) =

z=2is asimple pole and lies inside C. But z = 4 is a pole of order 3 and lies outside C.

4 . 4 4 -1
=1lim = —
(z-4)(z-2) =2(z-4)° (-2

[Res of f(2)]. = lim (2 2) f (z) = lim (2 - 2)

. 4 ] 1 .
By Cauchy Residue theorem, | —————dz=27i | - = |=—7i
i Py ”( 2) g

Find the poles and residues of f (z) = 2; .
2°-32+2

Solution: The poles of f (z) are obtained by
72 -32+2=0=(z-1)(z-2)=0
.. The poles are z=1 2 aresimple poles
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Res of (@), = Lt (2-)——— =~
[Res of f(z)]_| ZILtl(Z 1)(2_1)(2—2)_ '

Res of f = )
[ €SO (Z)]z=2 ZI::[Z(Z 2)(2—1)(2—2)

2z

18. Calculate the residue of f(z) = 1- at the poles. (NOV / DEC 2014)

2z

Solution: Given, f(z) = 1- .— - Here z=0 is a pole of order 4

- [Resof f(2)], = It =9 {( —0)41 ¢’ }

e 2 ) o L e

T 50 3' dZ 20 31 dZ
2z | _ 2z ___4
= it gl ] =5 8=
19 Express f do as complex integration. (DEC/JAN 2016)
' 22C0S0+sind
: : N 1 7’ +1 : 7’ -1
Solution: Here z =¢",dz =ie“dd = dO=—-dz cosf= and sinf=—
iz 22 2iz
dz d
Cy - LU S — . Cizl1
25 2c0s@+sind 202 z°+1 L2 -1} 2¢:(2iz°+2i+2° -1
21 2iz 2iz
dz dz
:>J i2 P 2 1 ZJ 2 > '8
c2i°+2i+z°-1 cz°+2iz° +(2i-1)
20. Define Essential singularity with an example. (DEC/JAN 2016)

Solution: If the principal part of Laurents series contains an infinite number of non - zero terms, then
z = zp is known as essential singularity.
1 1

1 - =

Example: f (z) =e? —1+ + o * +..has z = 0 as an essential singularity. Since f(z) is an infinite series of

negative powers of z.

PART -B
1. Evaluate I z+1 dz,where Cis |z | = 2 by Cauchy Integral Formula. (MAY /JUN 2016)
c(z-1) (z-3)
Solution :
z+1 +1

J z+1 J
c(z-1) (2—3) c(z —1)

=27 (1)

Since z=1 lies inside the circle |z | = 2
z=3 lies outside the circle | z | = 2
z+1
f(z)=——=
Here (2) z-3
f=-1

Hence by Cauchy integral formula
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£ .
j (2) -dz = gn (a)
n+ 1
c(z-a) n!
=27 T (1)
=27l
Evaluate —dz where Cis |7| =3. (APR/MAY 2015)
" (2-1)?(z+2)
Solution :

Here z =1 is a pole lies inside the circle

z=-2 isapole lies inside the circle
2

Y L S—
~(2-D)(z+2)

Resf(z)—mlt -1 1 ()]

-ty {( Dy (z+2)}

2 7° +4z
_Zl_tﬂ {(z+2)}_zl_t>l{(z+2)}

)
9

Res f(2)=|t[(z+1). f(2)]

-1

22
i'L{(”l)' -1’ (z+2) }

By Cauchy Residue theorem,

2
Iz—dz =2 zi(sumof residues)

' (z-1)%*(z+2)
=27i [§+fj =27
9 9

z+1) dz
(z+1) where C is the circle |z -2 | :% by Cauchy Residue Theorem.

Evaluate Im

(APR / MAY 2017)
Solution :
The poles are obtained by (z — 1) (z—2)*=0

=z =1isasimple pole and z = 2 is a double pole.
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Cisthecircle|z—-2|==

Forz=1,|z-2|=|1-2|=|-1|=1>1/2
Forz=2,1z-2|=|2-2|=0<%
z =1 lies outside C and z = 2 lies inside C.

Resf(z)_|t—(z—) zz1-z

22 d ( —1)( —2) zl—'>t2( )

By Cauchy Residue theorem,

IZ—dZZ:ZEi(—l):—Zni
c(2-D(z-2)
2
: . . -1 i :
Obtain Laurent’s Series to represent the function o in the region |z|<2 and
(z+2)(z+3)
2<|z|<3
Solution :
2 f—
Let-fi(a)e —ALLL paS B
(z+2)(z+3) z+2 7+3
S z z
(i) Given|z|<?2 :‘E <land ‘5 <1

3 8

2(1+Zj 3[1+ ZJ
2 3
-1 -1
:1+§ 1+£] —§(1+E
2 2 3 3
2 3
B z

f(2) =1+

(i) Given 2 < |z | < 3

This region is annular about z = 0 and f () is analytic in this region.

|z|<3:>‘E
3

f(z)=1+
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A3 (b

2 3
:1+3[z’1—22’2+4z’3—8z"‘+...]—§ 1—E+(EJ —(Ej +...
3 3 \3 3

Find the Laurent’s series expansion of valid in the regions | z | >2 and 0 <| z —1| <1

v
(z-2)(z-1)

(APR / MAY 2017)
Solution :

. z
. Let f =
(. Let 7(2) (z+1)(z+2)

z A N B
(z+1)(z+2)_z+1 Z+2
z=A(z+2)+B(z+1)

Put z=-1
A=-1
Put z=-2
B=1
1 2

s f(2)=—+—
(Z) z+1+z+2

Now

Given |7|>2, 2<|z| ie., |-

2 <1:>1<1
z 2|

-1 2
o f =
(Z) z+1+z+2

-1 2
= +

z[1+1) z(1+2j
z z
-1 -1
:_—1[1+1) +g(1+g]
z z z z

(ii). |z+1 <1
Letu=z+1
e, [u<1
-1 2
f - = _c
(Z) z+1+z+2
-1 2
=— 4+ —
u 1+u

=_—1+2(1+u)7l
u

=_—1+2(1—u+u2—...)
u

:%+2[1—(1+ )+ (1+2)? —]

722 —47+2
7 -272-57+6

Find the Laurent’s series expansion of f(z) = in3<|z+2]|<5 (JAN 2016)
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Solution :
Solution:

The singular pointsarez=1,z=32,z=-2
=4z +2
-2z -5z+6,

F(2)= t

P —4z42 A B C
= + +
(z-D(z+2)z-3) (z-1) (z+2) (z-3)
Az+2D(z-3)+BE-Dz-)N+C(z-DNz+2)=z"-4z+2

Put z=1 AG3)(-2)=1-4+2=-64=-1 :>A=é

14
Put z =—2. B(—S){—5j=4+8+2:>153=14:‘>3=F
]

Put z =3, C‘(J)(S}=9—12—2:‘=1DC=—1:‘=C‘=I—$
z —4z+2 }/ s Ao
G-DE+(E-3) (-D (--—2) (z-3)
3<|z+2|<5
3 |u
Put z+2=u=3<uj<5=—<1"—<1
|u| 5
. 1 14 2
z-4z+2 A . Aﬁ | /1{)
(z-D(z+2)z-3) (z-1) (z+2) (z-3)
7
Vs s Ao
(;:—3) () (u-5)
14 2
K A5 Ao
-30-4) @ -sa-%)
= —1— "+—+—1 E
1-%4) a5 A
( u V14 uoou.,
=——|1+—+ +o |t —F— 1+ =+ (=) +_..
letk 3 (j ] 15u SDE 5 (5) ,l
((z+2 z+2, ) 14 1f' z+2  Z+2,
7= __l (5 )+"'J+15(_ 2) sn::[ e )
2z
7. Evaluate Id—e by using Contour integration. (MAY / JUN 2016)

v 13+12cosd

Solution :
Consider the unit circle | z | = 1 as contour C.
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: 1 .
Put z=¢'’, then ==¢™’
z
, 1
dz S, -1
do=-—, sing=—2=%=
1z 21 2iz

dz
= iz iz _ _
°13+5(Z -1) j26|z +§zz—5 £5ZZ+26IZ—5
2iz 2iz

1
Let f(2)=————— =2 f(2)dz
@ 52° +26iz -5 -C[ @

The poles of f(z) are given by 5z° + 26iz—5=0

_ —26i%/(26i)’-4.5(-5) —26i+/—676+100 —26i++-576 —26i+24i i

= = =——,-5i
10 10 10 10 5
which are simple poles.
Now 5z +26iz—5:5(z+éj(z+5i)
. -] 1 == L
Since |—| == <1, the pole z =— lies inside C
5| 5 5
and |-5i=5>1, .. the pole z =-5i lies outside C.
Now R[—lj—llm( jf(z)—llm(z+lj E = lim -1
5/). o 5 | i . 5(z+5i)
5 5 5 Z+g (Z+5I) 5
. 1 1
RGN
2*55(—'+5ij |
5
By Cauchy’s residue theorem,
jf(z)dz_Zm( 1 j z
2 24i) 12
=222
h 12 6
Evaluate _[d—) (a > 0) using contour integration (APR/ MAY 2017)
(x*+a
Solution :
Let I¢(z)dz:j 0z -
c c(Zz—l-l)
Where ¢(z) = 1 -
2° +1)
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Here C is the semicircle ' bounded by the diameter [-R,R]

Y
\
n
By / \\ Cauchy residue theorem,
R 0 R X I¢(z)dz:j¢(x)dx+j¢(z)dz ...... ()
To evaluate of j¢(z)dz

The poles of ¢(z)= is the solution of (22 +1)° =0

(2% +1)
ie., (z+i) (z —|) =0
i.e., the polesare z=i, z=—i

z =1 lies with inside the semi circle
z =—i lies outside the semi circle

Now[Res¢(2)], . = H 1i(z—i)zgz)(z)

7 >illdz

Lt 1 . 1 Lt 1d[ 1 ] .
- A o-o l: _
zelll{(z I) (22+1)2] z—>ill dz{(z+|)} £ (Z+')(Z ')
o
z—>i(z+i)
2 _ 2 _1
CiHi (20 4
I¢(z) dz = 27i[ Sum of residues of ¢(z)at its poles which liesinC |

_Zm[ﬂ 'y )

Let R — oo, then |z| — oo s0 that ¢(z) =
Lt

|Z|_)OOI¢(z)dz=O ......... ®

Sub (2) and (3) in (1)

Iqﬁ(z)dz = Igﬁ(x) dx

3!

2 x +1)

T dx T
o(X2+l)2 2

U

U
4>|&1

[
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2r
9. Evaluate I g

o 1—2Xsin @ + X

L Ix|<1 (APR / MAY 2017)

Solution :
- - 2_
Letz=e'® dz:ie'ezdezz,sinezz : !
iz 2iz
2n dZ_
j ( %) Cis|z|=
C1

I1 2psm6+p

-2p 21 +a®
2iz
_J’ 1 dz

iz—p(z 1)+|za sz |z(p +1)-p psz—iz(p+1J—l

21 do 1 dz

= 1
!;1—2psin9+p2 pC(z—ip)[z—:)j @

Thepolesare given by z=ip &z =uil}
p

|z|=]ip|=p<1l .. z=ip liesinside Cand z _ lies outside C.
p
1
~.[Resof f(2)] _ip = Lt (z-ip) | —————~
o (z—ip)[z—'j
p
- Lt 1i | 1 N |p2
zoip |1 i[p_lj 1-p
P P
By Cauchy Residue Theorem J e - :27ci[ P Zj: —2n£)
C(Z_ip)(z_'j 1-p°) 1-p
p
21
From (1) '[ 6_19 5 :—1[— anZJ: an
o 1-2psin0+p p\ 1-p 1-p
10. Evaluate | FXsinX dX \pereaso (MAY / JUN 2016)
o (x*+a%)
Solution:
xsmx ©oxsinx
2 dx
J.x +a’ Ix2+a2
Xsin x 1% xsinx
22 ik == [ 2202 dx
~([x2+a2 2-|.x2+a2
_1]‘3 zsin Z 4
27 72 +a’
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Now zsin z is the imaginary part of ze"

t zsinz
.'.I:j 5 2dz
Z°+a

—00

0 iz

=I.P.I ze

2’ +a’

ze” ze
Let §(2)=—F——F="— .

z’+a® (z+ia)(z-ia)
The polesarez=—ia, z=ia
Now the poles z =ia lies in the upper half — plane
But z=—ia lies in the lower half — plane.

dz

iz

Hence
Lt : ze"
[Resp(2)] . = R ia(z_la)(z+ia)(z—ia)
Lt ze®
Z 1 ia(z+ia)
jae® e*
T 2ia 2

iz

j 22e 50z =27 [Sum of the residues at each poles in the upper half plane ]
Z°+a

5

= rie™®

T ze”
I=1.P. of [ =
J7°+a

dz

=|.p. of (ﬂie’a)

Sub (2) in (1)
T Xxsinx 1 1
Iﬁ X=2

o X" +a

UNIT-V LAPLACE TRANFORM
PART A
State the sufficient condition for the existence of Laplace transforms. (APR/MAY 2015, 2017)

Solution: The Laplace transform of f(t) exists if
(i) f(t) is piecewise continuous in [a, b] wherea >0 .

(i) f(t) is of exponential order.
1
Find the Laplace transform of e‘Ztté.

Solution: L[e”t% } = L[t%}
S—>s+2
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wIf L[ F(©)]=F(s), thenL|e ™ f(t) |=F(s)|._..,
F(1+1) 1r(1j
- 2 127\2
. =
7 5%
S—>S+2 S—>S+2
1
= 5\/; [-.-F(E)zﬁ,rnﬂ:nrnj
y 2
(s+2)2
If L[f(t)] = F(s), Prove that L[ f [é)] =5F(53).
Solution: L[ f(t)]=[e™f(t)dt
0
t ® t
L fl=1||= e‘“f(—)dt
)]-deoi
t
put —=U = 5du=dt
5
. t — K —5su
S fl= (= e f(u)pdu
() feertos
= S.f e ®f (u)du
0
=5 F(5s)
Find the Laplace transform of unit step function.
; . L & 0, t<a
Solution: The Unit step function is ug(t) :{
1, t>a, a=0
0 © —st ] 1 g8
The Laplace transform L[ f (t)]= [e = f@)dt=[e*@dt=| E— | =—=[e= —e== .
p [f(1)] !e (®) {e N [—sl = e T2
Prove that LU f(t)dt)=F(s), where |_[ f (t)]= F(s) (DEC-2016)
0 S

t
Solution: Let F(t)= J' f (t)dt
0

LRt =f(t)
S L[F'(t)]=sL[F(t)]-F(0) =sL[ F(t)]-0

L[ (0] =sL[F(t)] =sL f(t)dt}
" LU f (t)dtj _FE)

5 S

O —

cosat )
Does L[T} exist?
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Solution: Lt f(t)= Lt cosat=1
t>0 t t>0 t 0

cos at )
L[ " }doesnotemst.

7. Obtain the Laplace transform of sin2t —2tcos 2t .

Solution: L[sin2t—2tcos2t] = L[sin2t]—2L[tcos 2t] = Lsin 2t]- 2(—% L[cos ZtU

2 +2d( s j 2 Ll +4)(1)-5(25)

s2+4 ds\s?+4 s?+4 (Sz+4)2
_2(sz+4)+2(4—52)
(sz+4)2
L[sin 2t —2t cos 2t] = Lz
(sz+4)
8. Find L-l[zs;z}
S°+2s+2
- : 2 4 (s+1)+1 ) il
Solution: LlL}:Ll— - LYE e [=
LZ+25+2 (5+1)7+1 [Fls +a))=e L F(s)]

)i
(s+D)°+1 (s+D)°+1

aGEIRES]

L {i} =e'(cost+sint)

s?+25+2

9. What s the Laplace transform of f(t),0<t<10with f(t)= f(t+10)?
Solution: Given f(t) is a periodic function with period p

1 P
L[f(t)] = e > f (t)dt
1-e™ P £ ®
1 10 .
Put p =10, L[f(t)] = 1_6—_108]-8 s f(t)dt
0
o0
10. Using Laplace transform, Evaluate jte‘2t sintdt (APR / MAY 2015)

0

s=2

Solution: Te_th(t)dt= ﬁe"“f(t)dt} = [L[tsint]]szzz{—% L[sint]}
0 0 s=2

__EE L j__ 2 _|_4
ds\ s*+1 (Sz+1)2 25

11. _ 1 s
Find L~ - (MAY-JUNE 2016)
S“+4s+5
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Solution:
Ll( S j:Ll (s+2)2—2 :ez‘Ll(S_zj
s’ +4s+5 (s+2) +1 s’ +1

- v ()
s’ +1 s’ +1

=e ™ [cost —2sint]

12. Find the Laplace transform sin® (2t)
L . 3 _1 . . _ 3, . 1, .. .3, 1., . .
Solution: L[sm (Zt)}— " L[3sin2t —sin6t] = " L[sin2t] — " L[sin6t] ~0 sin t=Z[33|nt—sm3t]

32 Y
- 4ls?+4) 4ls?2436

S
4\ s?24+4 %436

13. Find L2 {tan‘l(%ﬂ

Solution:  Let F(s) = tan‘l(ﬂ
s

F'<s>:;(—_1): -1
1+ (1/s)?\ s 241
B ty LY F =—|:1[ }=—'t
yproperty L™ F'(s)] 7 |=sin

- LY(F'(s))=-sint; L (Fs)=—L [F'(s)]

e {tan‘1 (lﬂ _alli|]
S t

_ d i
14. Solve using Laplace transform d—)t/+ y=e

Solution: Taking L.T. on both sides, we get L[y' (t)} +L[y(t)]= L[e_t}

sLLy(®)]-y(0)+ Ly(t)]=L[e]
sLLy(]-0+L[y(t)]= 1

t given that y(0) = 0.

(s+1) LIy(D)] =

s+1
1
L =
WOl =
. -1 1 -t i _ at .. —at _
Ly =L ((s+1)2]_e L[Szj e't [+ e ]=F(s+a))

15. Give an example for a function that do not have Laplace transform.

st _t2 t? . .
e =oo, hence € is not exponential order.

2
Solution: Considerf(t)zet ,since Lt e
oo
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2
Hence f(t)= e!” does not have Laplace transform.

3
16. CanF(s) = > 5 be the Laplace transform of some f(t)?
(s+1)
. S
Solution: Lt F(s)= Lt =0
S— S— (S _,_1)2

Hence F(s) cannot be Laplace transform of f(t).
t
17. Evaluate Isin ucos(t—u)du using Laplace Transform.

0

t
Solution: Let L{fsin ucos(t — u)du} = L[sint * cost]
0
=L[sint] L[cost] (by Convolution theorem)

1 S S

(s*+1) (s* +1) (s2 +1)2

t

J'sinucos(t—u)du S S ETE P S — Lsint ST > | =tsinat
0 (52 +1) 2 (52 +1) 2 (Sz+a2)
18. Give an example for a function having Laplace transform but not satisfying the continuity condition.
-1

Solution: f (t) ~1 2 has Laplace transform even though it does not satisfy the continuity condition. (i.e.) It
is not piecewise continuous in (0,0) as Lt f(t)=oo
t—0
19. Define a Periodic function with example.

Definition: A function f (t) is said to be periodic function if f(t + p) = f(t) for all t. The least value of p > 0 is
called the period of f(t). For example, sin t and cos t are periodic functions with period 27 .

20. State Convolution theorem on Laplace Transform. (MAY-JUNE 2017)
Statement: The Laplace transform of convolution of two functions is equal to the product of their Laplace
transforms.

(ie) LLF()*g(t)]=L[f(O)]L[g(t)]
PART B
1. (a) (i) Find the Laplace transform of f (t) =te ™ cos3at (APR/MAY 2017)
s o s?+4
(i) Find L™{log| ——
(s-2)
Solution:

(a) (i) LIt (6)] =— % F(s)

Llte ™ cos3t] = — % Lle* cos3t] = - % [Licos3t], ...,]

__i{ s } _ 4 _s+2
ds||s*+9 ) ,| ds|(s+2)°+9

:_{((s+2)2 +9X1)—(s+2)2(s+2)}{(((s+2)2 —9) }

((s+2)2 +9)2 (s +2)? +9)2
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(i) L‘l{log((j——;‘)‘;]} = f(t)

2

F(s)= Iog(ﬁ} = Iog(s2 + 4)— log(s —2)*

L[tf ()] :-% F(s) = L[tf (1)] :-%(log(sz +4)-2log(s - 2))

B 2 =Lt
s°+4 (s-2)

A 2
2 4 e o
s°+4 (s-2)

} = f(t) :%(e2t —cos2t)

2
(b) Using Laplace transform, solve the differential equation % + 3% +2y=e"',y(0)=1y (0)=0
Solution :

d’y  ,dy X .
32 +2y=e",y(0)=1y(0)=0
e gty y(0)=1y (0)

Taking Laplace transforms on both sides, we have
2
L{d Y3, 2y} —L[e']

dt? dt

S2L(y(1) - sy(0) - y (0) + 3(sL(y(1)) - y(0))+ 2L(y(t) = ﬁ
s?L(y(t)) —s -0+ (3sL(y(t)) - 3)+2L(y(t) = 4
s+1

L(Y(D))(s> +35+2) = —— 4543
s+1

s?+4s+4
L(Y(OFW
y(t):Ll( s?+4s+4 j

(s+1)*(s+2)
By partial fraction method:

s +4s+4 __ A, B C
(s+1)%*(s+2)) (s+1) (s+1)?> s+2

By solving we get A=1, B=1, C=0

=L _STadsid i et
(s+1)%(s+2)) (s+1) (s+1?%) '

(or)

()= L s?+4s+4 L (s+2)? L (s+2) L (s+1+1) L 1 e 1
YW=t e 026+ ) s+1)%(s+2)) | (s+1)?) s+1)% | | (s+1) (s +1)°

= el +te
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[cos 2t —cos 3tj

(a) Evaluate Ie’t dt
0

Solution :
J-et(COSZt;COS?f[jdt _ L(cosZt;cos3tj

0

s=1

— Iw( S _ S de
1 s\s?+4 s°+9

= fL(cos 2t —cos 3t)ds

1 10
=Zlog| = | =log/2
S5 | =log

s=1

2
(b) Apply convolution theorem to evaluate L™ > (APR/MAY 2017)
(s* +4)(s* +9)
Solution :
-1 s? I 1
(a) L [{32+4J{32+9]] =L [{s 2+4) * [{32+9]

=cos2t * cos3t = f; cos2u cos3(t —u)du

%f [cos(2u + 3t — 3u) + cos (2u — 3t + 3u)] du

:% [[[oos(3t — u) +cos(5u - 3t) Hu

1[S|n(3t u) , sin(5u - 3t)]O [sm2t+sin2t}{sin3t_sin3tD

ol -1 5 -1 5
:—isin 2t+£sin 3t
10 10

:gsin 3t—gsin 2t
5 5

(a) Verify initial and final value theorems for the function f(t) =1+ e (sin t + cos t)
Solution :

(a) Initial value theorem states Itlrrg f(t) =limsF(s)
— S—0

F@)=lxl+e*@hn+wms0y:1+ 12 + S*} -1 5+f
(s+1f+1 (s+17+1 s (s+1f+1
LiiS:ymf(O:vT@+eq@mt+amt»:2

R.H.S: limsF(s) = lim 5{1+L2j = Iim(1+_5(s+2) ]
+1) = (

o2 (s (s+1) s+1f +1

sz(1+2j
lim| 1+ 5 32 =2
sz(1++2)
s s

Final Value theorem states !im f(t)= Iing SF(s)
—>0 S

L}+s:ymf(0=ym@+e*@mt+antﬁ=1
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s(s+2
R.H.S: IlmsF(s)-zllm (—2) =1
50l (s+1) +1
Hence Initial and Final VValue theorems are verified.

5s? 15311]

(b) Find L{(s+l)(32)3

Solution :

= 552 —155—11

(s+1)(s- 2)3
By the method of partial fraction method:
5s® —15s — 11_ A B C D

=+ 5+

(s+1)s-2)° (s-2) (s—2) (s-2)° (s+1)
5s* —155—11=A(s—2)° +B(s+1)(s —2)* + C(s +1)(s—2) + D(s +1)
Equating the co- efficient on both sides we have
A=1/3,B=4,C=-7,D=-1/3

4| Bs?—16s-11| 4| 1/3 4 -7 -1/3
T + + +
(s+1)(s-2)° (s-2) (s=2)° (s-2)° (s+1)

= Leageni Terpr _Lgn
3 3
E if 0<t<E
(a) Find the Laplace transform of f(t) = 2 where f(t+a)=f(t) for all t
—-E if E<t<a
2
Solution :
L[f()]= L g “Uf (t)dt
®]= _e_psge (t)
1 7 1 % t
L[f ()] = — = [e f(t)dt = ——| [e~Edt— [eEdt
—€ 79 1- 0 3
2
st 7% —st 7@
el fe“dt]-l i{r [{=])
3 ° ~3 s
B Jle? 1| e? E [1+e™ 20"
1-e™® || =s s —e* S
e e
E (1 e 2 E (1 e /2
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el
4

o) )
t

_4 .
(b) Find the Laplace transform of € tjt sin 3tdt
0

Solution :

t t
L{e‘” j t sin 3tdt} - L{ J’ tsin 3tdt}
0 0
= _1 L(tsin 3t)_ = F (—i L(sin 3t)ﬂ
—S S—s+4 S dS
|1 e
E (32 + 9)2

(a) Findthe Laplace transformof 1_0205t
t

s—>s+4

:é_g(sj
oo LS ds s°+9

1 ( 6(s +4) J: 6 }
(s+4) ((s+4)2+9)2 ((s+4)2+9)2

s—>s+4

Solution :

(1 costj II[ . +1jdsds
Hlog(s)—%log(s2 +1)Tds

S

IE log(s?)- % log(s? + 1)Ids
¢ f og(

Jo-tinl

:cotls——log[S +1J
2 S

(b) Using Laplace transforms technique solve y"+y'=t*+2t, giveny=4,y'=—2 when t=0
(MAY/JUNE 2016)

Solution :
y'+y'=t2+2t, giveny=4,y'=—2 when t =0

Taking Laplace transform on both sides
L(y +y)=L(t*+2t)

2 2
_352

s*L(y(1)) —sy(0) — y (0) + (sL(y(t)) ~ y(0)) =
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2 2
SZL(y(t)) —4s+ 2+ (sL(y(t)) —4)= Sta

(s? +3)L(y(t))—4s—2:%+32
s° s

(5 +S)L(Y(D) = = + = +4s+2
S S

S(s +DL(Y(D) = 5+ 5 +45+2
S S
4 3
L(y(t) = 1 {%+%+43+2}:43 +42$ +25+2
s(s+1)|s° s s (s+1)

2 2 2 t? »
3

y(t) = L_l{§+s_4+(s+1) =2+—+2€
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