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1.Partial Differential Equation

An equation involving partial derivatives of two or more independent variables is called a Partial differential equa-

tion(PDE)

Formation of PDE
PDE are formed in two ways

e by eliminating arbitrary constants.

e by eliminating arbitrary functions.

Notations:

If z = f(z,y) then

o 0
P=5.97 3,

B, o
022’ Oxdy’ Oy?

Formation of PDE by elimination of arbitrary constants and arbitrary functions

1. If no.of arbitrary constants < no.of independent variable then use p,q only.

2. If no.of arbitrary constants > no.of independent variable then use p,q,r,s and t.

Form a PDE by eliminating arbitrary constants

l.z=alz+y)+0b

Solution:
Given z =a(z +y) + b. ......... (1) no.of a.c=no.of L.V
Differentiate (1) par. w.r.t x and y,
0z 0z

=— =a. ... 2 = — =a. ...... 3
=g =0 . (2), 1= 5 =)
From (2) & (3)= p = ¢ which is the required p.d.e.

2. z=a’z+ay’* +b

Solution:
Given z = a?z + ay® + b. ......... (1) no.of a.c=no.of L.V
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Differentiate (1) par. w.r.t x and y,

p = — aZ
= — =2ay
—a? .2 ¢
gy = (2) 8qy
Sy = —
4 2a
g o=
4a?
e
= » using (2)
= 4py? = ¢* which is the required p.d.e.
3. z=az" 4+ by"
Solution:
Given z = az™ + by". ........ (1) no.of a.c=no.of L.V
Differentiate (1) par. w.r.t x and vy,
0 0
p= a—; = nax" !, q= £ = nby" !
a= b b= 4
nxn—1 ’ ny”_l
Sub in (1)
i Zflxn + qun
nx ny
= nz = px + qy which is the required p.d.e.
4. z = az® + by? ‘Anss 22:px+qy‘
5. z = ax® + by? ‘Ansz 3z:px+qy‘
6. z= (2?4 a)(y*> +b)
Solution:
Given z = (22 + a)(y®> + b). cevev. (1) ‘no.of a.c=no.of L.V
Differentiate (1) par. w.r.t x and y,
z 0z
=" =922 +b = = = 2y(x?
p= 5 =2u(y" +1), =3, y(z* +a)
2 b= £ 2 — i
vt 2z’ vita 2y
Sub in (1)
_ap
2y 2x
= 4xyz = pq which is the required p.d.e.
7. 2= (a:2+a2)(y2+b2) Ans: 41’yz:pq
8. (z—a)!+(y—b)2+22=r2
Solution:
Given (z —a)? + (y —b)? + 22 =72, .....(1) [n0.0f a.c=no.of L.V
Differentiate (1) par. w.r.t x and y,
2e—a)+2:2 — 0 2y —b)+2:2 0
T—a z— =0, — == =
ox Y dy
r—a=—2p, y—b=—2¢q

Page 2

Downloaded From : www.EasyEngineering.net


http://Easyengineering.net

Downloaded From : www.EasyEngineering.net

Umar Ali

10.

11.

12.

13.

14.

15.

Sub in (1)
(—2p)? + (—2q)% + 22 = r?
22p? + 22+ 22 =0
= 22(p? + ¢*> + 1) = r? which is the required p.d.e.
C(r—a)?+(y—b)2+22=1 ‘Ans: 22(p2+q2+1):1‘
z=(z—a)(y—"b)° ‘ Ans: dzyz = pq‘
z=(x—a)’+(y—0)* ‘AnS:p2+q2=4z‘

z=(z+a)’+(y—b)?°

Solution:
Given z = (x +a)® + (y — b)3. ... (1) ‘no.of a.c=no.of L.V
Differentiate (1) par. w.r.t x and y,

b=t =3 +a) 0= 5 =37

@+ =5, 0=

o= (2] =)

3_ (£)? _p3—(2)?
sry (z+a) (3) ’ (v —?) (3)
= = (g)% == (%)% which is the required p.d.e.
2 2

sy e == ()1 ()
(r —a)?+ (y — b)? = 2% cot?
Solution:
Given (z —a)? + (y — b)? = 22 cot? a........... (1) ‘ no.of a.c=no.of L.V
Differentiate (1) par. w.r.t x and y,

2(x — a) = 2zpcot? a, 2(y — b) = 2zq cot?

(r —a) = zpcot® a , (y —b) = zqcot® a

Sub in (1)
[2p cot? a)? + [zq cot? a]? = 22 cot?
22 cott a(p? + ¢°) = 2% cot?

= p? + ¢> = tan? a which is the required p.d.e.

Find the PDE of the family of spheres having centres on the z-axis.
Solution:
Given that the sphere lies on the z-axis.
Centre is (0,0, ¢). Let Radius = r.
.. Eqn of the sphere
2+ y? 4+ (z—c)? =1l (1)

Differentiate (1) par. w.r.t x and y,
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&
)
=
K
ESH k]
|
K

_—_y

= py = xq which is the required p.d.e.

2y+2(z—c)g—;=()

y+(z=c)g=0
(z—0)qg=—y. ... (3)

16. Find the PDE of all plane having equal intercept on the x and y axis.

Solution:
Y

T z
Intercept form of the plane eqn is — + = 4+ — =1
a c

b
Given :a = b
x z
S WY
a a ¢
Differentiate (1) par. w.r.t x and y,

= p = ¢ which is the required p.d.e.

no.of a.c=no.of L.V

17. Form the PDE of the family of sphere having their centres on the line xt =y = 2

Hint:(x —a)?+ (y —a)? + (2 —a)? =12

\ Ans : (y*Z)er(Z*fv)q:wfy\

Formation of PDE by eliminating arbitrary function:

Form the PDE by eliminating the arbitrary functions

=52

Solution:

Given z = f (E)
Y
Diff par w.r.t. x and vy,

0z NEAWE!
o =7 a) 5)’

1
Eqn(1 u
o)  p_ y
Eqn(2) ¢ =%
y2
= ()
¢ y\ =
p_ Y
q xr
= pr = —qy

. px + qy = 0 which is the required p.d.e.
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2 2=r (Y

‘ Ans : prryq:O‘

3. z= f(xy)

4. z = f(2? + y?) Solution:
Given z = f(z% + 4?)

Diff par w.r.t. x &y,

Ans: zp =yq

0z 0z
p= 2= Pt by ), 0= G = @4 )22
E
o)  p_ 2
Eq(2) ¢ 2
.. py = qx which is the required p.d.e.
2 _ (%
5. 2z —ay f(z)
Solution:
2 _ LA
Let ¢ (z xy, z) 0 i
where u = 22 — xy andvz;
Hence the required PDE is of the form Pp+ Qq =R
Where
P _ dudv  dudv
Oy 0dz 0z 0y
x
= (-a) (—2—2) — 22(0)
2
T
P S z72
0 - Ou Qv = Ou Qv
~ 9z0x Oz 0z
1 75
- @(3) -0 (-3)
x
Q = 2-%4
z
R dudv  OJudv
Oz 0y Oyox
1
— 9O~ () (3)
R =2
z

The required equation is

z? Ty
(zz)p+(2—z—2)q
z2 222 — xy

zZ)Pr\ 7= )¢

’p+ (22 — ay)q

ISE RIS

xz which is the required p.d.e.

6. p(z* —y*2) =0

‘ Ans:

yp—&—xq:O‘

7. o(x?2 + 9% +2%,ax + by +cz) =0

’ Ans: (bz —cy)p + (cx — az)qg = ay — bx
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8. p(x?+y*+22,2+y+2)=0 ‘ Ans: (z—y)p—i—(m—z)q:y—x‘

Two Functions[use p,q,r,s,t]

9. z=gy+x)+af(y+z)

Solution:
Given z=af(y + ) + gly + x). ...(1)

Diff par w.r.t. x &y,

p = fly+ax)+afy+z)+4@y+a)...(2)

q = zf'(y+2)+4dy+2)...(3)

ro= flyta)+afy+a)+fly+2)+9"(y+2)
t = zf'(y+2)+4g"(y+2)
s = flytao)+af'y+2)+9"(y+2)
Now r+t = 2[f'(y+=)+zf'(y+2)+9"(y+2)]
r+t = 2s

10. z = f(x +ct) + gl — ct)
Solution:
Given z = f(x + ct) + g(x — ct)
Diff par w.r.t x & t,

0

8_; = flz+ct)+ g (z—ct)

0

5 = fa+e)etg(a—c)(-o)

Again diff par w.r.t x & t,

2
% = fx+ct)+g"(x—ct)
822 " 2 " 2
2 = (x4 ct)e* + ¢g"(x — ct)(—c)

= (@ +ct)+g"(x —ct)]

0%z 0%z
- — 027
ot? Ox?

11. z =22 f(y) + y°g(x)

Solution:

Given z = 22 f(y) + y?g(x). ....(1)
Page 6
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Diff par w.r.t. x &y,

p = 2f(y)+v°g (x). ..(2)
g = 2f'(y)+2yg(x). ...(3)
Again diff (2) and (3) w.r.t x and y,

ro= 2f(y) +y’g" (). ..(4)
t = 2*f"(y) +29(y). ...(5)
s = 2zf'(y) +2yg'(x)..(6)

2)xz=pr = 22°f(y)+zy°g (x)

BG)xy=aqy = 2’yf'(y)+2y°g(x)

pr+qy = 2[2°f(y) +y’g(@)] +zylzf (y) +yg' (2)]
= 2z+zy E}
2(pr +qy) = 4z+ays
12. 2 = f(z3 +2y) + g(a® — 2y) ‘ Ans: 4dzr = 92°t + 8p

TYPES OF SOLUTION

Complete solution (or) Complete Integral

A solution in which the number of arbitrary constants is equal to the number of independent variables.

Particular Integral

In complete integral if we give particular values to the arbitrary constants.

Singular Integral

Let f(x,y,z,p,q) = 0 be a PDE whose complete integration is ¢(x,y, z,a,b) = 0. ...(1)

Diff (1) partially w.r.t a and b and then equal to zero, we get

g_f; = 0...(2)
R C)

Eliminating a and b by using eqn(1),(2) and (3).

The eliminant of a and b is called Singular Integral.
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Type 1: Form F(p,q) =0

There is no Singular Integral for Type 1

1. Find the Complete integral of \/p+ /g =1
Solution:
Given \/p+/q=1...(1)
This is type 1,
The complete integral is z = az + by + ¢

put p=a and ¢ =b in (1)

Va+vh = 1
Vb = 1-va
b = (1—+a)?
= the complete integral is z = ax + (1 — v/a)?*y + ¢, where a and c¢ are arbitray constants.

2. Find the Complete integral of p + ¢ = pq
Solution:
Given p + g = pq.....(1)
This is type 1,
The complete integral is z = ax + by + ¢

put p=a and ¢ =b in (1)

a+b = ab
b = ab—a
b = ab-1)
= the complete integral is z = ax + a(b — 1)y + ¢, where a and ¢ are arbitray constants.

3. Find the Complete integral of p? 4+ ¢ = npq
Solution:
Given p? + ¢ = npq.....(1)
This is type 1,
The complete integral is z = ax + by + ¢

put p=a and ¢ = b in (1)

a?+b = nab

B2 —nab+a® = 0
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na + v/n2a? — 4a?
=b
2
_ natayn?—4
B 2
nEvn?—4
= the complete integral is z = ax + 2) ay + ¢, where a and c are arbitray constants.

Type 2: Form z = pz + qy + f(p, ¢)[Clairaut’s Form)]

1. Solve the equation z = px + qy + p? — ¢>
Solution:
Given z = px + qy + p? — ¢*
This is type 2[Clairaut’s Form],
put p=aand ¢ =b in (1)
.. The complete integral is z = az + by + a? — b?. ...(1)
To find Singular Integral
Diff (1) par w.r.t a and b, we get

which is the singular solution

0 = z4+2a=a= —g
0 = y—2b=b="2
2
substituting in (1), we get
et () (0
2=\ | 2 —— — ([
o N 2
22 2 2 2
_ 2 e ey
2 2 4 4
2 2
4 4
4z = y* —2?,
2. solve z = px + qy + p?¢>
Solution:
Given z = px + qy + p?¢>
This is type 2[Clairaut’s Form)],
put p=aand ¢ =bin (1)
. The complete integral is z = ax + by + a?b>. ........ (1)
To find Singular Integral
Diff (1) par w.r.t a and b, we get
9 2
% - T+ 2ab* =0

Page 9
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% = y+2ba* =0
=z = —2ab’ .. (2)
y = —2ba’. ... (3)
x
(2) =a 7@ ........ (4)
Substitute (4) in (3)
2 \2
- -a(-5)
Y 22
22
= —9p| =
(i)
283
poo o
2y
1
22\ 3
b - <2y) ......... (5)
Substitute (5) in (4)
— %
N ) 22\ 8
2y
o x
T
2
2§y§>
T X 2§y§
R 23
2\ 5
Y
— - (2x> ......... (6)
Substitute (5) and (6) in (1)
:_xiz%_yx2é+£%£23
2x 2y 2x 2y
2 2 2 2\ 3
ys s Y £
= — —_ _ X JR—
v m%) Yoora ) T\ 2y>
2 2 2 2 2 2
_ T3Ys3 _ T3Ys3 n T3Ys3
a 23 ) < 23 > 43 )
27 5 o .. . .
—1g% Y , which is the singular solution
3. Find the singular solution of z = pz + qy + /1 + p? + ¢
Solution:
Given z =pxr +qy + /1 +p? + ¢
This is type 2[Clairaut’s Form],
Page 10
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put p=a and ¢ =b in (1)

.. The complete integral is z = az + by + V1 +a? + b2.......... (1)
To find Singular Integral
Diff (1) par w.r.t a and b, we get
1
%:x+7(2a) =0
da 2V1+ a2 + b2
a
T+ —— = 0
V1+a?+b?
a
T = — e (2)
V1i+a?+b
0z 1
e ———(20) = 0
b 2\/1+a2+b2( )
b
+———— = 0
Y V14 a?+b?
b
= . ... 3
Y V1+a?+b? 3)
2 a’
— =
* 1+ a2+ b2
Yy o= .
14+ a?+ b2
2, 32
+b
N 2 | 2 RGN\
ow o4y 1T a1 02
2 4 p2
+b
1— (22 2y — pyYe Tvr
(z"+y7) 1+a2+02
PR NS 1+a?+b%—a®— b2
1+ a?+ b2
- 1
 1+a2402
1
1 2 b2 —
+a” + 71_332_3/2
1
Vi+ta?>+b? = —m—. ... (4)
V1—22—y?
From (2) and (3)

a ] | b L
V1+a?+b? V1t a2+ b2 y
a=—xv1+a®+b? b=(—y)vV1+a2+0?

—r -z
@ = —F/— aD= ———
V1—22—y? V1—2?2—y?
substituting in (1)
2 2
— 1
z = :c - Y +
\/1—$2—y2 \/1—x2—y2 \/1—932—3/2
_ 1—x2—y2
V1—22—y?
z = /1—22—9y?
P 1f:£27y2
2?2 +y*+ 22 = 1which is the singular solution.
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4. solve z = px + qy + 2,/pq

5. solvez:px—l—qy—i—g—p Ans: z = Y
q 11—z
6. solve z = px + qy + p* — ¢* ‘Ans: y2—x2=4z‘
. . 1
7. Find the complete integral of (z — pxr — qy)(p+q) =1 Ans: z =ax + by + —
Type 3: Form f(p,q,z) =0 or f(p,q,z) =0 or f(p,q,y) =0
1. Solve p(1+4q) =gz
Solution:
Given p(1+¢) = qz.eeeeeen. (1)
This is type 3,[f(p, ¢, 2) = 0]
Put g =ap
substitute in (1)
p(1 + ap) =apz
1+ ap =az
ap =az — 1
az — 1
p= P gq=ap=az—1

We have dz = pdzx + qdy,

/d _/az dm—i—/(az—l)d

/ /dx—i—/dy
az — 1

l/ adz :—/der/dy
a az—1 a

1l 1
—loglaz—1)=—z+y+c
a a

loglaz — 1) =x + ay + c. ........ (2)

which is a complete integral, where a and ¢ are constants.
To find the Singular Integral

Diff (2) par w.r.t a and ¢

when diff par w.r.t ¢, we get 0 = 1 which is not true.

So there is no Singular integral.

To find the General integral
Put ¢ = ¢(a) in (2)
=log(az — 1) =x + ay + é(a). ........ (3)

Diff (3) w.r.t a and Eliminating a, we get the General Integral

Page 12
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2. Solve 2%(p* +¢* +1) =1
Solution:
Given 22(p> + ¢> +1) = 1.......... (1)
This is type 3,[f(p,q, 2) = 0] Put ¢ = ap

substitute in (1)

2@ +a?p?+1) = 1
p222(a2—|—1)—|—z2 - 1
2 _ 1—22
P 2242 +1
V1—22 V1-—2z2
p = —_— q = ap = a
22(a? +1) 22(a? +1)
We have dz = pdz + qdy

d =
/ : 2va? +

V1— 22 V1—22
dr+ [ a ldy
z 1 1
dz = —d +/ ——dy. ...(%
/mz / et )

zva? +1

put 1 — 22 = ¢
—2zdz = 2tdt
—zdz = tdt

sub in (i)

/—tdt 1 /d " 1 /d (4)
T T+ a——— A 0
t Vva?+1 Vva?+1 1
V1+a?(—t) = x+ay+c

—V1i4+a?V1-22 = z4ay+c ... (2)

which is a complete integral, where a and ¢ are constants.

To find the Singular Integral
Diff (2) par w.r.t a and ¢
when diff par w.r.t c, we get 0 = 1 which is not true.
So there is no Singular integral.
To find the General integral
Put ¢ = ¢(a) in (2)
= V1+a2V1-22=xz+ay+ ¢(a). ....... (3)

Page 13
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Diff (3) w.r.t a and Eliminating a, we get the General Integral.

3. p(1—¢%) =q(1-2)
Solution:
Given p(1 —¢?) = q(1 — 2) eeeeee. (1)
This is type 3,[f(p,q, z) = 0]
Put g =ap

substitute in (1)

p(1—ad*p?) = ap(l—2)
1-— a2p2 = a—az
a’p? = 1l-—a+az
9 l—a+az
= T
a
_ Vl-a+taz
b= a
We have dz = pdz + qdy

VvV1—a+az VvV1i—a+az
——dx+ [ a—dy
a a

[z

[ = Mot [ttt

putl—a+az = t?

2tdt

adz

sub in (2)

2tdt 1
— — / dx + / dy
at a
2t 1

a

2Vl—a+az = z+ay+ec. ... (3)

—r+y+c
a

which is a complete integral, where a and ¢ are constants.

To find the Singular Integral
Diff (2) par w.r.t a and c
when diff par w.r.t ¢, we get 0 = 1 which is not true.

So there is no Singular integral.

To find the General integral
Put ¢ = ¢(a) in (2)
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=2V1—a+az=x+ay+ é(a). ....... (3)

Diff (3) w.r.t a and Eliminating a, we get the General Integral.

4. p(1+¢*) =q(z —a) Ans: 24/bz — (ab+1) =z +by+c

5. Solve 9(p?z +¢*) = 4 Ans: (z+0a2)2 =z +ay+c

6. Solve 22 =1+ p? +¢> Ans: cosh™1z = ;(x +ay) +c
V1+a?

Type 4: Method of Separable[Form: fi(x,p) = f2(y,q)]

1. Solve p?y(1 + 2?) = ga?
Solution:
Given p?y(1 + 2%) = q2? . ...(1)

This is type 4,[f1(x,p) = f2(y,q)]

p2(1+1‘2) :g:a
2 Y
P+’ =S
x? Yy
2 _ az® =
=T e 2= Y8
Tv/a
i q=ya
V1+a?
We have dz = pdz + qdy
zy/a
dz = ———dr + ady. ......... 1
/ [ s [ty )
put 1 +z2 = ¢
2edx = 2tdt = xdx = tdt
sub in (1)
tdt
/dz = \/E/T—i-a/ydy
y?
z = ﬁt—l—a?—&—c
y?
z = +Va 1+x2+a?—|—c
2
z = a(l—!—x%ﬁ—%—&—c. ......... (2)

which is a complete integral, where a and c are constants

To find the Singular Integral
Diff (2) par w.r.t a and ¢
when diff par w.r.t ¢, we get 0 = 1 which is not true.

So there is no Singular integral.
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To find the General integral
Put ¢ = ¢(a) in (2) 2

2+G,y
T 4 0(@). n(3)

2

Diff (3) w.r.t a and Eliminating a, we get the General Integral.

.Solve p>’ + > =x+y

Solution:

pT—xr=a
p2:a+x
p=+va+z

We have dz

[z

z

y—d’=a
=y-a
g=\y-a

pdx + qdy
/\/Jc—l—adx—l—/\/y—ady
3 3
Gt w-ab
2 2
2 3 2 3
g(m—ka)g + g(y—a)g +ec ...(2)

which is a complete integral, where a and ¢ are constants

To find the Singular Integral
Diff (2) par w.r.t a and ¢

when diff par w.r.t c, we get 0 = 1 which is not true.

So there is no Singular integral.

To find the General integral
Put ¢ = ¢(a) in (2)

s 2= 2@t a4 2ol +6). ()

Diff (3) w.r.t a and Eliminating a, we get the General Integral.

. Solve q = 2pzx
Solution:
Given ¢ = 2pz.....(1)

This is type 4,[f1(x,p) = f2(y,q)]
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2pr = a y=a
_° —a
b= 2z =
We have dz = pdz + qdy
/dz = /idx—f—/ady
2z
z = gloga:+ay+c. .(2)

which is a complete integral, where a and c¢ are constants

To find the Singular Integral
Diff (2) par w.r.t a and c
when diff par w.r.t ¢, we get 0 = 1 which is not true.

So there is no Singular integral.

To find the General integral
Put ¢ = ¢(a) in (2)
=S 5 = %logﬂc + ay + ¢(a). ...(3)

Diff (3) w.r.t a and Eliminating a, we get the General Integral.

x? 1 42

4. Find the complete integral of pg = xy Ans:z = a7 Ik i) +e
a

(w+af  (y-a

9 5 +c

5. Find the complete integral of p+q¢=2z+y Ans:z =

6. Find the complete integral of p? + ¢% = z2 + 2
2
Hint: [ V22 + a?dx = %\/1‘2 + a2+ % sin h_lf
2
[ Va2 —a?dz = g\/ﬂ —a2?— % cosh™'%
T a? Yy a?
Ans:z = Ex/xQ +a? + ?sinh_lf + Ex/yz —a? — ?cosh_lg +c

Solving second and higher order with constant coefficients homogeneous and non ho-

mogeneous differential equation

In this chapter z will always represent a function of x and y, i.e z = f(z,y)

Notations:

0 0 0z 0z 9%z 0%z 0%z

o = — = — = — &t = —
Ox 8y7p oz 7 6y’T 92" Ox0y Oy?

Definition:
A linear p.d.e with constant coefficient in which all the partial derivative are of the same order is called

homogeneous, otherwise it is called non-homogeneous
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(HOMOGENEOUS)Form: f(D,D")z = F(z,y)
The solution is z = C.F + P.I
To find C.F
Put D=mand D' =1
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1. Solve (D® — 7DD’ — 6D")z = ***¥ + sin(z + 2y)
Solution:
AE:Put D=mand D' =

iem?—Tm—-6=0

iem?—m—-6=0
(m+2)(m—3)=0
=>m=-2,3
som=-1,-23
CF=fily—a)+ faly — 22) + f3(y + 32)

To find P.I

1 1

PI ety 4

D*—7DD™ —6D"

1 1

D3~ 7DD — 6D

2z+y
ST

ety 4 sin(z + 2y)

1
—12 27D + 24D’

—1 2z+y
—e 1

12 +
—e2rty

12
—erty
12
—e2rty
12
—e2rty
12
C.F+PI

27D? 4 24D ST+ 2y)

D
"D 1 24(-2)
cos(z + 2y)
—27—48
cos(z + 2y)
—75
cos(z + 2y)
D I

sin(x + 2y)

e2a:+y

—D + 28D + 24D’

sin(z + 2y)

sin(x + 2y)

cos(z + 2y)

iy =)+ fo(y — 22) + f3(y +32) — 9

2. Solve (D? — D"?)z = e**2Y 4 sin(2z — y)

Tt sin(2r —
Ans: == fuly+ )+ oy — )~ o - D)

3. Solve (D3 + DD’ +4DD"? 4 4D")z = cos(2x + y)

75

Ans: 2 = fuly — o) + foly + 20) + faly — 2iw) — o sin(2e + )

. Solve (D3 —7DD"? — 6D'3)z = cos(z + y)

Ans: 2= faly — o) + foly — 20) + foly + 3) + 7 sin(ar +)

5. Solve (D? + DD’ — 6D"?)z = cos(x + 2y)

1
Ans: z = fi(y+ 2z) + foly — 3z) + o cos(x + 2y)
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10.

11.

12.

. Solve (D? +3DD' — 4D")z = siny

1
Ans: 2 = fily = 42) + faly + ) +  siny

Solve (D? —2DD' + D'?)z = e* ™2 + sin(2z — 3y)
1
Ans: 2= fi(y+2) + 2fa(y+ o) + e — —sin(20 - 3y)

. Solve (D? +2DD' + D'?)z = e* ™2 + sin(2z — y)

1
Ans: z= fily—x)+afoly—2x) + gex“y —sin(2z — y)

03z 03z

. Solve — —2—"— = 2 4 4sin(x + y)

ox3 0x20y
1
Ans: 2 = fi(y) + @ fa(y) + fa(y + 22) — 2™ —dcos(z + )

Solve (4D? —4ADD' + D"?)z = €3*=2% 4 sinx

1 1 1 1
Ans: z = fi (y+ 51‘) +afs <y+ 59&) + 6—463””’29 — Zsinx

Solve (D? — DD’ —20D"?)z = e>**¥ 4 sin(4x — y)

Solution:

AE:Put D=mand D' =1
iem?—m—-20=0
(m—=>5)(m+4)=0
=m=25,—4

- CF = fi(y + 5z) + fo(y — 42)
To find P.I

1 BTy 4 1
D? — DD'-20D"? D? — DD'—20D"?
= meswy + m sin(4z — )
= %ef’”y T %sm(u — )
= ﬁewﬂ! + ﬁ sin(4z — y)

Pl =

sin(4x — y)

_ x Sx+ D o
= 9-1° Y +xm sin(4x — y)
_ 2 sery xcos(4x — )2
9 2(—16) — 4
T spny o Acos(dw —y)2
e + x—_36

= Tesaty _ g cos(4dx — y)

9
.z = CF+PI

z = fily+5z)+ foly — 4x) + ges’”y — gcos(élx —7)

Solve (D? — DD’ — 30D"?)z = xy + 52 F¥
Solution:

AE:Put D=mand D' =

Ist,
D=a=5
D =b=
IInd,

D220 =51
D? =1 =4
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iem?2—m—-30=0
(m—6)(m+5)=0
=m=6,-5

. CF = fi(y+6z) + foly — bz)

To find P.I D=a=6
D' =b=1
PI = 1 efety 4 1 xy
D? — DD'~30D" D2 — DD'-30D"
~ 1 ooy 1
T 36-6-30° | _[D°—DD —3007]"
D o
1 1
= 06 + ey 2, B 30072 Ty
D" D

D' 30D2\] "
(5 )]

D' 30D D' 30D2\°2
1+ (= + + =+ 4.

D T D2 D D2 Y
D/
(D)] xy Since power of y is 1, D’ enogh
+ x}
"r QE—
YD
Lz
x JE—
Y73
x +9c3
2 6
6+ !
rTY - e,
e +y. + Y
Ay +62) + faly — 5a) + S Sty DY T
S AN A R R A T 6 24
13. Solve (D? —4DD' +4D")z = xy + 2tV
Solution:
AE:Put D=mand D' =
iem?2—4m+4=0
(m—2)(m—-2)=0
=>m=22
- CF = fi(y +22) + 2 fa2(y + 27)
To find P.I
- 1 224y 1
PI = ps—ippwap2® T Dr_ipprapz™Y
_ 1 2wty 1
= 1-s1a F 1o [ D* —4DDFAD" vy
D2
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1 oty 1

¢ T ol (DT

D D?
2 —1

_ T sy, L[ (4DT AD™

oD—4D'¢ D2 D D? oy

T2ty 1 " 4D" 4D N 4D"  4D" 2+
= —e — - — —_

14 D2 D D? D D?

1 4D’
2 1 4
= Tewtvg [wy + —x}

2 D2 D
2 2
R 4a”
2t [‘Ty‘L 2
2 2 3
- ey 1 @ A
5+ S [y -
2 3 4
_ Ty, T A0
2 TV T
2 3 4
- T rwty  TY T
2° "6 6
sz = CF+PI
22y, ady ot
14. Solve (D? + DD’ — 6D'?)z = 2%y + 1Y
sy 2P
Ans: z = fiy+2x) + foly — 3x) + gtV + — — —
12 60
15. Solve (D3 —2D%D")z = 2¢%* + 322y
Ans: 2= (0) +afa(y) + foly-+20) + 24 LY L
ns: z = x )+ —e k7 el
1\y 2\Y 3\Yy 1 60 60
16. Solve (D? —2DD')z = e**7¥ + 23y
1 5 6
Ans: Z=f1(3/)+f2(y+2x)+gez””_y—&—g;—(;y—i—g—o

17. Solve (D? +3DD’ 4+ 2D"?)z = sin(2x +y) + x + y
Solution:
AE:Put D=mand D' =
iem24+3m+2=0
(m+1)(m+2)=0
=>m=—-1,-2

S CF = fily — o) + fa(y — 22)

To find P.I
PI : in(22 + y) + ! (z+y)
. = 111
D2 +3DD +2p2 T Y T e s ppr 4 ap Y
= ¥sin(2x+ )+ ! (z+y)
T Ti—6-2 Y [DPspD 20 Y
D2

Since power of y is 1, D’ enogh
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—6DD +5D722°

1.
= T sin(2z + y) 3D’ L (x +y)
1
(5]
1 1 3D’ 2D’
= —Esm(2x+y)+ﬁ 1+<D )} (z+y)
1. 3D’ 2D’2 3D’ 2D7?\°
= 5 sin(2x + y) + D2 + D + D2
1 3D’
= —Esin(2x+y) D2 _1— ( o) ﬂ (x+y)
1 . 1T 3
= —Esm(Zx—i—y)—l—ﬁ _J;—i—y— D
1 .
= 5 sin(2x +y) + D2 [ +y — 3x]
1 1
= 3 sin(2z + y) + D2 [y — 2z]
1 1 222
= 5 sin(2z +y) + D |y ;]
1 2 23
= 7581n(2x+y)+ % - %
1 2 3
= —Esin(2x+y)+% = %
.z = CF+PI
1 2 3
2 = hly—o)+ foly—20) - sin@e+y) + 50 - 3
18. Solve (D?>43DD' +2D?)z =z +y
3
x
Ans: z= fily—2) + foly — 22) + x— -y
19. Solve (D? — DD’ —2D"?)z = 2z + 3y + 34
502 322y
Ans: 2 = 2 —z)— ety 4 2T
20. Solve (D? —6DD’ +5D"?)z = e®sinhy + xy
Y _ oy
i.e,(D? — 6DD' +5D"?)z = ¢* <626> +ay
1
(D? —6DD’ +5D")z = 3 (e*TY — e Y) 4 zy
1 1
(D?* —6DD’ +5D"?)z = iemﬂf - 561*9 +zy
Solution:
AE:PutD=mand D'=1
iem? —6m+5=0
(m—1)(m—-5)=0
=m=15
CF = fi(y+ )+ fa(y + 5z)
To find P.I
1 1
PI = Y4 ! Loy ¢

D2 —6DD' +5D22

(x+y)

1

D? —6DD + 502"
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T - |
- 2|1 6+5° }+2[1+6+5}6 T D2 —6pD 1507 Y
D —
171 171 1
— Z|Z|eTtY L Z || e Y
2_0]6 +2[12}6 *

/ 12 Ty
p2 |y (8D _ 5D~
D D2

1[ 1 1 6D’ 5D\
e z+y Ty — |1 = _
2 _2D—6D/}e Tt T e [ ( D D2 )} W
o 1 [ X r+y+ 1 I_y_i_i 1+ 67D/ 5D/2 + 67D/ 5D/2 2+
-~ 2|2-6)° 24° D2 D~ D? D D2 i
1[ =z 1 1 6D’
= | |eT™V L etV |
2__4:|6 +246 +D2[+<D>}xy
1 1 1 6z
—  _prty Ty R -
3¢ +24e +D2 {xy—&-D]
1 1 1 622
— _ Tty g Ty o T atadl
3¢ +24e +D2 {a:y—# 2]
1 1 1 [ 22 623
— _leTty o —pTmy o T, T
8¢t +D[y2 + 6}
1 1 3 6xt
— _ Tty 4 Ty o
8¢ Tm® TV T
.z = CF+PI
1 1 3 4
= f1(y+as)+f2(y+5a:)—gez+y+2—46m_y+y%+%
21. Solve (D% +2DD’ + D"?)z = sin h(x + y) + e**2¥
1 1
Ans: z= fily—z)+afo(y —x) + g[eé”y — e~ (@) 4 §ew+2y (OR)
1 1
Ans: z:f1(y—x)+xfg(y—x)+Zsinh(x+y)+§er+29
22. Solve (D? + D?D’ — DD'? — D'3)z = sin 2z cos y
Solution:
(D + D?D' — DD — D)z = {[sin(2z + y) + sin(2z — y)]
1 1
(D3 + D2D' — DD"? — D"3)z = 5 sin(2z + y) + o sin(2x — y)
AE:Put D=mand D' =1
iem3+m?—-m—-1=0
11 -1 -1
1 1 2 1
1 2 1 0
iem?+2m+1=0
(m+1)(m+1)=0
=>m=-1,-1
som=1-1,-1
CF=fily+z)+ foly—2)+afs(y — )
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To find P.I D?=—a?>=—4
D?=—p =1
1 . 1 1 .
P D3+ D2D' — DD2 — D32 sin(2z +y) + D3+ D2D' — DD2 _ D32 sin(2z —y) D? = —b?=-2
L ! in(22 + y) + = ! in(2s — y)
o |=ap -4+ D+ | TV T | Tip—ap v D+ | T Y
1 . 1 1 .
5| S3D—3D 3D’} sin(2z +y) + 5 {—3D — BDJ sin(2z — y)
1 D . 1 D )
2| 53D 3DD’] sin(2r +y) + 3 {—3D2 - 3DD’} sin(2e —y)
1[ cos(2z +y)2 1 [cos(2z —y)(2)
2 | =3(—4)—3(=2)] " 2 |=3(-4)-3(2)
cos(2z + y) N cos(2x — y)
18 6
z CF+PI
cos(2z + cos(2x —
2= hln) bl ey - o)+ SELEY | o)

23. Solve (D® + D?D' — DD — D'3)z = €” cos 2y

Solution:

AE:Put D=mand D' =1

iemP4+m2—m—-1=0

1 1 2 1
1 2 1 0
iem?+2m+1=0
(m+1)(m+1)=0
=>m=-1,-1
som=1-1,-1
CF = fily+az)+ faly —z) +2fs(y — z)
To find P.I D=D+a=D+1
D'=D'+b=D'
pPI D3+D2D’—1DD’2 _D/3610052y
1
CDFIP T (DD — (DT )DE DB W
o R.P of €'
(D+1)3+(D+1)2D'—(D+1)D"”? - D"
R.P of "%

eil)

(04 1)3 + (0 + 1)2(2i) — (0 + 1)(21)2 — (24)3
. R.Pof e
C142i+4+8i
+ R.P of e
© 5100
+ R.P of e
privt ¢ 7

5(1 + 2i)
(1 — 2i)(cos 2y + isin 2y)

(1 +20)(1 = 23)

xT
%R.P of
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e” cos 2y + 2sin 2y

5 1+4
= %(cos?y+2sin2y)
.z = CF+PI
e.’E
2 = hly+2)+ foly—2) +2faly — @) + 5 (cos 2y + 2sin2y)

24. r+s— 6t =ycosx
Solution:
Given : (D?> + DD’ —6D"?) =ycosz AE:Put D=mand D' =1
iem?*+m—6=0
(m+3)(m—-2)=0
=>m=-3,2

CF = fi(y —3z) + fa(y + 22)

To find P.I
1
D2+ DD _gprYcosT
1
=~ (D+3D)(D-2D)Y""
1
- m/(C_Qx)cosxdx where y = ¢ — 2z
1 .
Sl o 12 = (=2 (D)
1 .
& m[ysmfocosx)]

= /[(c+3x)sinx72cos:17)] dx where y = c+ 3z
= [(c+3z)(—cosz) — 3(—sinz) — 2sinz]
= J[y(—cosz)+ 3sinx) — 2sin z]
= [—ycosx) + sinz]
sz = CF+PI

z = fily—3x)+ foly + 22) —ycosz) +sinx

25. (D? +2DD’ + D'?) = —zsiny
Solution:
AE:Put D=mand D' =1
iem?+2m+1=0
(m+1)(m+1) =0
=>m=-1,-1

CF=fily—z)+afoly—x)
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To find P.I

Pl =

0%z 0%z 0%z
26. Solve 92 aTﬁy =

Solution:
Given: (D? — DD’ —2D"?) =
AE:Put D=mand D' =1

1

- (D+D')(D+ D)

D+ 2D+ D2 Sy

1

rsiny

_ﬁ/ﬂfSin(C—i— x)dx where y = c+x
1 .
D10 [z cosy + siny)]

- / [~z cos(c+ ) + sin(c + x)] dz where y = c + 2
~[(~a)(sin(c + @) — (~1)(~ cos(c + z)) + ( cos(c + 2))]
— [~z siny) — cosy) — cosy]

— [~z siny) — 2 cosy]

zsiny + 2cosy

CF+PI

fily—2)+zfo(ly —x) + xzsiny + 2cosy
a7 (y —1)e”

(y —1e”

iem2—m—-—2=0

(m+1)(m—2)=0

=m=-1,2
CF = fily —z) + fo(y + 2z)
To find P.I

P.I

1 x
= Dr—pp—apr¥ Ve

1
d(D DD =20V

—1)e”

= D+D’ /0—237—1 e*dx where y = ¢ — 2z

= (D+D,) (e = 22 = 1)e” — (~2)(e")]

= m[(yfl)e + 2€7]

= /[(C+$*1)6I+26m]dx where y = c+
= [(c+z—1)e" — (1)e" + 2¢]

= (=1 +¢
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27. Solve (D% —

= yew—€$+€$

x

.z = CF+PI

w
Il

5DD' +6D"?)z = ysinz

Ans: z = fi(y+2x) + fa(y + 3z) + 5cosz — ysinx

28. Solve (D? —2DD' + D"?)z = x2y2e®tY

Ans: z= fily+x)+afoly+x) +

4,2 5 6

12 T 15 Te0l€

(Non-Homogeneous)Form:

To find P.I

Tty y x L

fily —z) + fao(y + 27) + ye*

Form

CF

(D —=mi D" —c1)(D —maD' — co)z = F(x,y)

e” fi(y + mix) 4+ e* fo(y + mox)

D —mD' —c)%*z = F(z,y)

e f1(y + mz) + xze® fo(y + mx)

e fi(z + may) + eV fa(x + may)

(
(D' —myD — ¢1) (D — maD — ¢3)z = F(x,y)
(D' —mD — ¢)?z = F(x,y)

e f1(x + my) + ye fo(x + my)

P.I is same as Homogeneous

29. (D? —2DD’' + D'? —3D + 3D’ +2)z = €2*7¥

Solution:

To find P.I

PI =

(D-D')?—-1-3D+3D"+3]z =

(D-D' -1)(D-D' +1)-3(D-D —1)]z =

(D-D' -1)[(D-D'+1)-3]z =

(D-D' —1)(D—-D' —2)z =

Here my =1,¢1 =1

m2:1,02:2

CF=c"fily+x) +

1 2x—y
€
D2 —-2DD'+ D2 —3D +3D' +2
1 e2w7y
44+44+1-6—-3+2
1
562x7y
CF+PI

1
e’ fily +x) + e” fa(y + 22) + éezx_y

2x—y

2x—y

2x—y

2x—y

e’ f2(y + 27)
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30. (D?+2DD’ + D"? — 2D —2D")z = sin(x + 2y)

Solution:
[(D+D')?—2(D+ D')] z = sin(x + 2y)
(D+D")[(D+ D" —2]z=sin(z + 2y)
(D= (=1)D')(D = (-1)D" = 2)z = sin(z + 2y)
Here mi; = —1,¢1 =0
mo = —1,c9 =2

C.F=fi(y—x)+e*foly—x)

To find P.I
PI = ! sin(z + 2y)
© T D2yepD+D2—2p—2p T
1 .
= 11420 op ot
D .
= “9p_2p? _2pp "M@t
_ cos(x +2y)
T 9D +42+4

(=9D — 6) cos(z + 2y)
(—=9D + 6)(—9D — 6)
(—9(—sin(x + 2y)) — 6 cos(x + 2y)
81D2 — 36
9sin(z + 2y) — 6 cos(z + 2y)
—81 — 36
9sin(z + 2y) — 6 cos(z + 2y)
—117

3 2
= ~39 sin(z + 2y) + 3 cos(z + 2y)
sz = CF4+PI

3 . 2
z = fl(yfx)Jre%fg(yfx)—@s1n(9:+2y)+@cos(x+2y)

31. (D2 —2DD' + D" —3D + 3D’ +2)z = 2~V

Solution:
[(D-D')?—=1-3D+3D +3]z=e*""
(D—D' —1)(D—-D"+1)—-3(D—D"—1)]z =e?*¥
(D-D'—-1)[(D-D'+1)—3]z=¢e*>*"Y
(D—D'—1)(D—D"—2)z =e?*¥
Here my =1,¢1 =1
mo =1,c0 =2

C.F =e"fi(y+x) + e” fo(y + 22)
To find P.I

1
PI = 2y
D2 —2DD' + D2 —3D+3D' +2°

1
A+4+1-6-3+2°

2x—y

D=a=2

D=b=-1
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— 162:70711
2
.z = CF+PI
1
z = fily+x)+efoly+2x)+ ieh*y

32. (2D? = DD’ — D? + 6D +3D')z = xeY
Solution:
[2D? —2DD' + DD’ — D"? + 6D + 3D'] z = xe¥
[2D? —2DD' +6D + DD’ — D" 4+ 3D'] z = we¥
2D(D—-D'+3)+D'(D—D"+3)]z = xe?
[(D—D +3)(2D + D")] z = xe?
CF=[D-D+3)(2D+D")]z=0
[(D-D'+3)(D+4iD")]z=0
Here my =1,¢1 = -3

mo = CQ—O

2 ’
CF=efiy+a)+e*fr(y—32)

To find P.I D=D+a=D
D'=D'+b=D"+1
1
Pl = y
9D2 — DD’ — D2 +6D +3D'" ¢
= eY . T
T 2D2—-D(D'+1)— (D' +1)24+6D+3(D' +1)
D
=— ey X
2D2—-DD'—D—-D"2—-2D'—1+6D+3D'+3
= ey 1

2D? DD’+5D D2 _2D + D +2°

1+(2D2 DD'4+5D— D’2 2D’+D’+2)]
ev [ (2D2 DD’—|—5D D?— 2D’+D’—|—2)}1
= 1+ T
2 2
ev | 2D2 — DD’ +5D — D2 —2D' + D' +2 N 9D2 — DD’ +5D — D —2D' + D' +2\°
pu— -r
2 2
-
= 17§ T
2 |7 2
eY [ 5
= xr — —
2 |7 2
sz = CF+PI
1 eY 5
_ —3x Ox _ — _
o= e o (v )+ 2 - ]
33. (D% —3DD' +2D"? +2D —2D')z = x + y + sin(2z + y)
1 1
Ans: z = fi(y + )+ € fo(y + 20) — 5(2* + 2y) — 5 cos(2w +y)
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34.

35.

Lagrange’s Method

Form: Pp+ Qq=R

Auxiliary Equation:

Solve z(y — 2)p +y(z — x)q = 2(z — y)
Solution:
Lagranges’s type: Pp+Qq=R
Here P=xz(y — 2),Q =y(z —z),R=z(z — y)

Auxiliary Equation:
dr dy dz

P Q R
dx dy dz

aly—=2)  ylz—a) z(@-y)
Use Lagrangian Multiplier 1,1,1

dr +dy+dz _ dr+dy+dz
z(y —z) +y(z —z) + 2(z —y) 0
=dr+dy+dz = 0
Integrating
=r+y+z =
; N B |
Use Lagrangian Multiplier —, —, —
'y z
1 1 1 1 1 1
—dr + —dy + —dz —dr + —dy + —dz
x Y z - Y z
y—z+z—zrz+x—y 0
1 1 1
= —drx+-dy+-dz = 0
x Y z
Integrating
= logz +logy +logz = logcs
logzyz = logcs
=2Yyz = 2
.. General Solution: dlx+y+z2yz)=0

Solve z(y? — 2%)p + y(2* — a?)q = 2(2? — ¢?)
Solution:
Lagranges’s type: Pp+ Qq =R
Here P = x(y? — 2%),Q = y(2? — 22), R = 2(2? — y?)
Auxiliary Equation:

de dy dz

P Q R
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dx dy dz

2y =22 Y —a?) 22—y
Use Lagrangian Multiplier x,y,z

xdr + ydy + zdz ~ zdx +ydy + 2dz

22(y2 — 22) + y2(22 — 22) + 22(22 — y2) 0
=S uxdr+ydy+zdz = 0

Integrating

8|
Q| =

< |~

Use Lagrangian Multiplier

7 )

1 1 1 1 1 1
—dr + —dy + —dz —dx + —dy + —dz
x Y z x Y z

Y2 — 22+ 22 — 32 + 32 — 42 0
1 1 1
= —dr+ -dy+-dz = 0
x Y z
Integrating
=logx +logy+logz = logco
logzxyz = logcs

=Yz = cCo

.. General Solution: d(x? + y? + 22, xy2) = 0

36. Solve 2%(y — 2)p + y?(z — x)q = 2*(x — v)
Solution:
Lagranges’s type: Pp+ Qq¢ =R
Here P = 2%(y — 2),Q = y?(z — 2), R = 2%(x — y)

Auxiliary Equation:

dr dy dz
P Q@ R
dx _ dy _ dz
a (y—z)  yAz—z) 2(z-y)
1 1
Use Lagrangian Multiplier —, —, —
2’ y? 2

1 1 1 1 1 1
ﬁdm—i—y—zdyﬁ-;dz ﬁdaz-l—?dy—i—z—zdz
y—z+z—zx+x—y 0
1 1 1
@;dz—&—;dzﬁ—;dz =0
Integrating
-1 1 1
I = —q
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1
-+

&
< | =
I

Use Lagrangian Multiplier

7 )

8=
Q|

< |~

1 1 1
—dr + —dy + —dz
x Yy z

1 1 1
—dr + —dy + —dz
T Yy z

2(y —2) +y(z —z) + 2(x —y)

1 1 1
= —dr+ —-dy+-dz =
x Yy z

Integrating

= logz +logy +logz =
logzyz =

= Yz =

.. General Solution:
x

¢<1+1+1,$yz> =0
y oz
37. Solve (mz — ny)p + (nx — l2)q = (ly — mx)
Solution:
Lagranges’s type: Pp+ Qq =R
Here P=mz —ny,Q =nx — Iz, R =1y — mzx
Auxiliary Equation:

dr dy dz

P Q R
de . dy dz
mz—ny nxr—Ilz ly—mz

Use Lagrangian Multiplier x,y,z

rdr + ydy + zdz

0

log co
log co

C2

rdr + ydy + zdz

x(mz —ny) + y(nx — 12) + z(ly — mx)
= xdx + ydy + zdz

Integrating

Use Lagrangian Multiplier [, m,n

ldx + mdy + ndz

0

ldx + mdy + ndz

l(mz — ny) + m(nz — 12) + n(ly — mx)
= ldx + mdy + ndz

Integrating

= lz +my+nz

0
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.. General Solution: d(2? +y? + 22 lo +my +nz) =0

38. Solve (3z — 4y)p + (4 — 2z)q = (2y — 3x)

Refer previous question here [ =2, m =3,n =4

39. Solve (y —zz)p+ (yz —x)g = (x+y)(xr —y)
Solution:
Lagranges’s type: Pp+ Qq¢=R
Here P=y —22,Q =yz — 2, R = 2% — 3>

Auxiliary Equation:

dr  dy dz
P Q R
de  dy dz

y—xz yr—x x2—y?

Use Lagrangian Multiplier x,y,z

xdr + ydy + zdz
o(y —wz) +y(yz — ) + 2(¢* — y?)
= xdx + ydy + zdz

Integrating

Use Lagrangian Multiplier y, z, 1

ydx + xdy + dz
y(y — z2) + z(yz — ) + (22 — y?)
= ydx + xzdy + dz

d(zy) +dz
Integrating

=Y+ =z

.". General Solution: d(a® +y? + 220y +2) =0

40. Solve z(y? + 2)p — y(a? + 2)q = z(2? — y?)
111

Hint: Multipliers,—, —, — and z,y, —1

z'y z

Ans: ¢(2? +y? — 2z, 2y2) =0

41. Solve (y? + 22)p —a2yq+ 22 =0
Solution:
Lagranges’s type: Pp+ Qq =R
Here P =y% +2%2,Q = —xy, R = —22

Auxiliary Equation:

xdr + ydy + zdz
0

C1

ydx + xdy + dz

C2

0
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dr dy dz
P Q R

de . dy dz
y24+22  —zy -z

Taking 2nd and 3rd member,

Downloaded From

dy  dz
—ry  —xz
dy  dz
Y
d d
dy dz _
Y z
logy —logz = logcy
y _
Z = ¢
z
Use Lagrangian Multiplier x,y,z
xdx + ydy + zdz _ xdz +ydy + 2dz
2(y? + 2%) + y(~ay) + 2(~zz) 0
=xdr+ydy+zdz = 0
Integrating
R T Ca
Tatyty T o
2+ y2 +22 = o
.". General Solution: 10) (g, 2+ y? + 22> =0
z
42. Solve (22 — y? — 2%)p + 22yq — 222 =0
Solution:
Lagranges’s type: Pp+Qq=R
Here P = 22 — y? — 22,Q = 2zy, R = 2z2
Auxiliary Equation:
dr dy dz
P Q R
dx _dy  dz
22—y — 22 2my 2xz
Taking 2nd and 3rd member,
o de
2oy 2xz
dy  dz
y oz
d d
@z _
y z
logy —logz = logc
¥y _
2 = ¢
z
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Use Lagrangian Multiplier x,y,z

xdr + ydy + zdz _dy
r(z? —y? — 22) +y(2zy) + 2(222) 22y
xdx + ydy + zdz _dy
(22 —y2 — 22+ 22 +222) 2y
xdr +ydy +2dz  dy
2+ y? + 22 2
2xdr + 2ydy + 22d2  dy
x2 4+ y? + 22 oy
2xdr + 2ydy + 22dz dy 0
x? +y? + 22 y
Integrating
= log(x? +y*> 4+ 2%) —logy = loges
2, .2 .2
log Ay log ¢5
Y
2?4 y? + 22
ST TE g
Y
oG | 2
- General Solution: ¢ (£, L) o
z Y
43. Solve (22 —y2)p+ (y? — z2)qg = 2% — 2y
Solution:
Lagranges’s type: Pp+ Qq=R
Here P=22 —y2,Q =y> — 2z, R=2%2 — a2y
Auxiliary Equation:
dr _dy dz
P Q@ R
dz. — dy  dz
22 —yz  y2—zx 22 —ay
dr — dy i dy — dz dx + dy + dz xdr + ydy + zdz

xz—yz—y2+zx_yz—zx—z2+my:xQ—yz—l—yQ—zx—i—zQ—xy:x3—xyz+y3—xyz+z3—xyz

Taking 1nd and 2nd member,

dx — dy B dy — dz
22 —y2 —yz 42z y2—22—zx+tay
d(x —y) _ d(y — )
(z+y)@—y)+zz—y) (y+2)(y—2) +z(y—-=)
d(x —y) _ d(y — z)
(z—ylz+y+7] (y—2)y+=z+a
dz—y) _ dly—2)
T —y y—z
diz—y) dy—2) _
T —y y—z
Integrating
log(z —y) —log(y —2) = loga
logx_y = logecy
y—z
r—=1Yy
= Cl
y—z
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Taking 3rd and 4th member,

dr + dy + dz

2 —yz+y?2—zx+ 22—y
dr + dy + dz

24+ y2+ 22 —ay—yz — 2w

dr 4+ dy + dz
(x4+y+z)de+dy+dz

(r+y+ z)de +dy + dz — xdx — ydy — zdz

Integrating
(z+y+2)? 22 ¢ 22
2 2 2 2

22 oy 2 22y + 29z + 202 — 2 — P - 2P

2y 4+ 2yz + 222

TY + Yz + T2

.. General Solution: 10) (x —L ,xy +yz + xz) =0
y—=z

44. Solve (22 + y? + y2)p + y(2? + y% — z2)q = 2(v + ¥)

2,2
Ans: ¢(a:—y—z,%):0

xdr + ydy + zdz
3 —zyz +y3 — ayz + 2% — xyz
xdr + ydy + zdz
(z+y+z)(a?+y?+22 —zy —yz — 27)
xdx + ydy + zdz
rT+y+z
rdx + ydy + zdz

0

C2
C2

2
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Unit-2

Fourier Series

Condition for a Fourier Expansion:[Dirichlet’s Conditions]
a o0 o0
Any function f(z) can be developed as a Fourier series =4 > aycosnx+ > b, sinnx

n=1 n=1

where ag, a,, b, are constants, provided.
1. f(x) is periodic, single-valued and finite.
2. f(x) has a finite number of finite discontinuities in any one period and no infinite discontinuity.

3. f(x) has at the most number of maxima and minima.

Euler’s Formula for the Fourier Coefficients
If a function f(x) defined in ¢ < x < ¢+ 27 can be expanded as the infinite trigonometric
series

f(x)=—=+ > a,cosnz+ > b,sinnx

2 n=1 n=1

where a9 = — f(z)dx

c+21

a, = —/f(x)cosnxdx

c+21

/ f(x)sinnx dx

C

S
3

I
3 |

NOTE:1

Deduction:[Continuity and Discontinuity]

fi(z), fora <z <g
Consider the function f(z) =

fo(z), forec<ax<b.

1. If x = a is a point of continuity then use f(z) = f(a)
b
2. If x = a is a point of discontinuity at the end point then use f(x) = f(a) —2i_ f0)
3. If x = ¢ is a point of discontinuity at the mid point then use f(x) = f(=9) —g f(+)
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NOTE:2

L. To change > to ) replace n =2n—1
n=odd n=1

2. To change > to Y replace n =2n
n=even n=1

o0

3. To change >, to > replace n =2n+1
n=odd n=0

NOTE 3: PARSEVAL’S IDENTITY (higher power derivation)

1 2m 2 1
For Full Range: — [f(x)PPdx = %042 >o(a2 + b2)
o ) 42
: 17 2 ag , 1 2
For Half Range Cosine: = [1f(z)]dx = 273 a2
T o
. Lz 2 Lo
For Full Range Sine: — [[f(2))*dz = 3 S
1)

Full range m Type

1
1 If f(x) = 5(7? — ) find the Fourier series of the period 27 in the interval (0, 27).Hence deduce
1 1 T

1
that 1 — =4+ = —=+...=—
y sty 77 4

Solution:

The Fourier series of f(x) is

ao oo [e.e] .
s 3+;ancosnm+;bnsmnx ................. (1)
To find qg
2T
w = = [ fla)d
0o = - xI)ax
0
1
= - E(W—x)dx
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To find a,,

To find b,

Substituting in (1),

Deduction:

2

% / f(z) cosnxdx

0
2

1 /1
—/—(7‘(‘ — ) cosnxdx
m) 2

1] sin nx (— cosnx)
= —|(r— — (-1
5 | )
r . 2
_ 1 (W_x)smmc_cosnx
27 | n n? |,
1 [ 1 1
= —|0—-—=—-430—-——= -0
27 n? { n? }}
=0
2m
1 :
= —/f(m) sin nxdz
T
0
2T
= = §(W—x)sinn:vda:
0
IN\T (— cosnx) (— sinnx)
= — |- o}
r . 2
1 cosnr  sinnw
S A
27 | n n? |,
k) 1
= —|-(=m)=—0-{-n=—0
2m | ( 7T)n { " H
1 7r+7r]
S 2rln
1 [2x
27 |n
1
on
= f(z) = ilsinnx
_nzln
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™. . .
Here x = 5 is a point of continuity.

[e.o]

n=1

1< 7T> ,7T+1_27T+1,37T+1,47T+1,57T
— ——) = sin—+—-sin— + -sin— + —sin— + —sin — ...
27‘(’ 5 1][12 21112 311[12 41n2 51n2
1 /7 1
(=) =1 —(—1 —(1
2(2) 0+ (1) +0+ (1) +
1 1+1+ o
3 5 4

1 1
2. Find the Fourier series of f(z) = (7 — z)? in (0,27).Deduce that ErTEtat

Solution:

The Fourier series of f(x) is

Z % sinn§

™

1
22 32

_@ [e.e] oo .
f(z) = 5 +;ancosnx+;bn81nnx ................. (1)
To find qg
2m
ag = ! f(z)d
0o = ; 13) X
0
1 2w
= —/(ﬂ—:L‘)QdJT
T
0
_ z[w—@T’f
{8 Bl i lig
1
= ﬁ[(—ﬂ):g—ﬂ?’]
1
= —[973
—3 2]
2
3
To find a,,
27
1
an —/f(x) cos nxdx
T
0
27
1

— /(7r — x)? cos nzdx

™
0

00 = —
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1 L Sin n (— cosnx)
= ~|(r— o — a)(—1) B o 1) (—1
= 2 ) 5 2
1 sin nx cos nT sinna 1"
= = |(r—2x)? —2(r—a)—5— —2— }
T | n n n® |,
10 1 1
1 _27T+27T
- omn? n?
R
- m | n?
4
o2
To find b,
2
1 :
b, = —/f(:z:)smnxdx
s
0
2m
1 5
= — [ (r —x)"sinnzdx
o (O
0
1] 5 (—cosnz) (— sinnzx)
- (- o — ) (1) 9 q)(—1
~ = = afr— ) (1) 2
1[ 5 COS NT sin nz (cosnz)]*"
= —|—(mr—2x) —2(m = z)— 2——
7| n n n .
1| 1 2 1 2
= S |em -t g o+ =
TN\ n3 n n3
= 0
Substituting in (1)
S @) =T +§: .
r)=— — COS NT
3 =n?
Deduction:
Here x = 0 is a point of discontinuity at the end point.
O+ e T
# = E 4;ECOSO
0+0 2 =1
“TY gy N o
2 3 ;M
2 3 — n?

n3

n3

(—sinnz)]”

(+cosnz) ]’
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=1 T
4y — = 71— —
;nQ T 3

=1 272
4y — = —
;Tﬂ 3

[e.9]

111
12722 3

3. Expand in Fourier series of periodic 27 of f(z) = 22 for 0 < z < 27. Deduce the sum

>~ 1 771'2
n:1n2 6
472 X cosSNT o sinnx
Ans:f(z) = & 14 4
ns: f(x) 3 + 7;1 > ng "
x, for 0 <z < m;

4. Find the Fourier series expansion of f(z) =
2 —x, form < x < 2m.

1 1 1 2
Deduce that ?4—?—1—?—%...00:?.
Solution:

The Fourier series of f(x) is

f(:c):%—l—;ancosnx—l—;bnsinnx ................. (1)

To find qg

T 27
1
= /xdx+/(27r—x)da:
T
LO i
1 172 T 1'2 27
= —|{=) +(2r2——
T 2 0 2 )
1'2 2
= — 7T——i—47r2 o272 27T2—7r—
T2 2
1 [72 w2
= = |=+2r-27"+ —
7r_2+ m 7r+2]
I
= ;[W]
=7
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To find a,,
2m
1
a, = —/f(:c)cosnxd:c
T
0
G 2w
1
= = /xcosnxdm—l—/(%r—x) cos nxdx
T
L0 ™
_ 1 (msinnx B (1)(— coinx))”+ ((27T_x)sinnx B (_1)(— Cozn@)?w]
T n n 0 n n i
1 [/ sinne  cosnz\™ sinnz  cosnz\”"
= — ||z +— + | 27 —2x) - —
T n n 0 n n -
U (=1 1 1 (—1)"
= ;_O—i— = {O—FE}—FO = {0 >
1] (=) 1
- 2 Y Yl
T n? nQ}
2 n
= -1 1]
0, when 'n’ is even;
- —4
——, when 'n’ is odd.
n’m
To find b,
2m
1 .
b, = —/f(x)smnxdx
T
0
2m
1
= — /:L’Slnnxdx+/(27r—x) sin nxdx
7r
L0
_ 1 <:v —cosnx) (1>(— sir;my)>“Jr ((QW—LE)(_ cosnx) (_1)(— sir;nx))%r]
T n 0 n n -
1 COS NI sm nw cosnz  sinna\”"
= —|(—=x 5 + —(27 — ) - —
T n 0 n n .
1 —1 1"
= = ) {0-0}—0— 0—{— u—OH
| n n
=0

Substituting in (1)
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o

4 Z cos N

T n?
n=1,3,5,...

b 3

Deduction:

Here z = 0 is a point of discontinuity at the end point.

fO)+ f2r) w4 i cos0
- 5 2
2 2 T n=1,3,5,... n
0+0 « 4 i 1
= 57 = )
2 2 7T n=1,3,5,... n
0 = = 1 1+1+ +
2 @12 32 52
4 1+1+1+ o
T|12 32 52 | 2
1+1+1+ o2
1232 52 778
5. Find the Fourier series of f(z) = z(27 — z). Deduce = + =+ =4 . = T
. 1mn € rourier series o ) =X\ — ). educe — Sy N -
1232 52 8

6. Express f(x) = xsinx as a Fourier series in 0 < z < 27,
Solution:

The Fourier series of f(x) is

f(:c):%—l—;ancosnx—l—;bnsinnx ................. (1)

To find qg

ag = /f(x)d:c

/  sin xdx

0

3 =

[2(—cosx) — (1)(—sinz)]2"
[~ cosz + sina."

[—27 — 0]

I N

Il
|
N\
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1
a, = —/f(:c)cosna:d:c
m

0

27
1 / )
= — [ xsinxcosnxdz
T
0
2m
1
= 5 z [sin (1 + n)z + sin (1 — n)z] dz
T
0
27
1
= — [ xsin(l+n)r—sin(n—1)z| dx
2T
0
1 [ [—cos(n+1)x —cos(n—1)x 1= sin(n + 1)z L sin(n — D) 17"
= _— i —_ —_
27 n+1 n—1 (n+1)2 (n—1)2 0
1 [ mcos(n+ 1)z  wcos(n— 1)z sin(n+ 1)z  sin(n— l)x] &
2 | n+1 n—1 (n+1)2 (n—1)2 |,
e N 27
2| n+l1 n-1

12 1 i 1
= —Z7T —_—
27 n+1 n-—1

(=1 +n+1
- (n+1Dn-1)
2
= Provided n # 1
n? —1
To find a,
27
1
ap = — [ f(x)coszdx
T
0
2m

= — | zsinxcosxdx
T

2

1
= —/xsiandx
21
0

_ L _x (—cos2x> _ (—sinQ:c)rTr
or | 2 ),

1 [ xcos2zx  sin2x 2

B L

1 [ 2r

e
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N | —

1
b, = —/f(x)sinnxdx
7r

0
27
1 . .
= — | zsinzsinnzdx
T
0
2

™

= %/x[oos(n—l):l:—COS(n‘i‘l)x] dx

(e

[e=]

_ 1, {sin(n ~ Do sin(n+ 1):1:} ) {_Cos<n o —cos(nt e Hzﬁ

n—1 n+1 (n—1)2

(n+1)2 0

2r | n-1 n+1 (n—1)2 (n+1)2

- £t (- )

1 [zsin(n — 1)z xsin(n+ 1)z cos(n — 1)z cos(n+ 1)37} g

0

= 0 Provided n # 1
To find b,

2w

1 :

by = —/f(x)smxdx

T
0
2T

= — [ zsinzsinxzdx
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1
- 2
2
= 7
Substituting in (1)
5 f@) = —1-leosatmsine+Y
x) = —1—=cosx sin x CoS NI
2 m —~ n?—1
sinz, for 0 <z <m; 1
. Find the Fourier series expansion of f(z) = Deduce that ——
0, for m < x < 2m. 1-3
Ly by
3.5 5.7
Solution:
The Fourier series of f(x) is
f(x):%—i-;ancosn:c—i-;bnsinnx ................. (1)
To find qg
2
- [ )
ag = — x)dx
i s
0
1 ™
= —/sin xdx
7r
0
= —[—cosz]y
-1
- 11
g
2
oo
To find a,,
2
1
a, = -— / f(z) cosnzdx
T
0
1 ] ,
= — [ sinxcosnxdr
T
0
Page 11
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[sin (1 4+ n)x + sin (1 — n)z] dz

1
= %/sm 14+ n)x —sin(n — 1)z] dz
0

1 [=cos(n+ 1)z —cos(n—1)x]"
Co2r | n+1 n—1 0
1 [ cos(n+1)x cos(n—1)x]"
= o5- |- +
2m | n+1 n—1 0
1 [—(=1)»*t —1)nt —1 1
I ey e U
2r | n+1 n—1 n+1 n-1
1 [—(=D™ (=) 1
R e S
2r | n+1 n—1 n+1 n-—1
B i'(_l)nﬂ —(n—=1)+(n+1) +n—1—(n+1)
oo | (n+1)(n—1) (n+1)(n—1)
1 2 —9)
- - n+1
o |0 ey * o)
1 2
— = n+1_1
27T(n2—1)[( ) )
1
- 1n+1 1
) = 1]
0, when n’ is odd;
— _9 provided n # 1
———— . when 'n’ is even.
(n? = 1)m
To find a,
1
ap = — | f(x)coszdz

sin x cos xdx

3
St~ o\‘;ﬁ

2T 2
—1

= —J[1-1
47T[ ]
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To find b,
1 [ ,
b, = —/f(:v)smnmdm
T
0
1/, )
= — | sinzsinnxdx
T
0
1 v
= —/ cos (n — 1)z — cos (n + 1)z| dx
2
0
1 [sin(n—1)z s.in(n—i—l):ic7T
o n—1 n+1 0
= 0 provided n # 1
To find b
17 -
by = —/f(:r)smxd:v
T
0
1]. .
= — | sinzsinxzdx
T
0
1 s
= —/siandx
T
0
1 [1—cos2
N _/ CoS xd:c
T 2
0
B 1 sin 2x
T w|TT T2 |,
1
= %[W]
B 1
)
Substituting in (1)
2 o)
= 1 2 1
= f(x) = %—i—ismx—;n; S cosna
1 1. 2 — 1
= ;+§SIH$—;;(2MT1COS2nx
1+1 . 2 c032x+cos4x+0086x+
= — —s1nx——
T 2 22 -1 42-1 62-1
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Deduction:

Here z = 0 is a point of continuity.

1 1 2 1 1 1
f(0) = ;—i-ésinO—;{22_1+42_1+62_1+...
oo L2l ]
™ w|3 15 35
271 1 1 1
37T T ] -7
1 1 1 !
13735 5.7 7 T3

1. 1If f(—z) = f(z) then f(x) is said to be even funtion.
example: cosx,z?, 2, |z, x sin z, sin |z, ete,
2. If f(—z) = —f(x) then f(x) is said to be odd function.

example: sinz,z, 23, x cos zetc,.

3. Iff(x) is an even function then [ f(z)dz =2 [ f(z)dx
—00 0

4. If f(x) is an odd function then [ f(z)dx =0

5. If f(x) is an even function in (—m, ) then find ag, a, (b, = 0).

6. If f(x) is an odd function in (—m,7) then find b,(ap = a, = 0).

8. Find the Fourier series of f(x) = 2% in (—7, ) of periodicity 27. Hence deduce that

(i) 1+1+1+ w2
7). — =t —=+.. . ==
12 22 32 6

(i) 1 1+1 2
7). AR e uey B = A

12 22 32 12
(i) 1+1+1+ 2
111). —_t — =+ = —

12 32 32 8
(i) 1+1+1+ md
w). —t— +— 4+ =

14 24 34 90
Solution:

Since f(x) is an even function,
b, = 0.

The Fourier series of f(x) is

f(x)z%%—immosnx ................. (1)
n=1
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To find qg

To find a,,

Substituting in (1),

Deduction:

Qn

f(x) cosnxdx

3 |

2% cos nxdx

BRI

\: l‘\a

0
2 xQSinnx _ (20) (— cosnx) (—sinnx)
T n n? n3 0
2 xQSinnx h (2x)COS nr QSinnx [
T n n? n® ],
2 (="
—10+2 —0—-4{0+0-0
W{ + 27 - {0+ }}
4(=1)"
)

(i). Here x = 7 is a point of continuity.
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(ii).

(iv).

1o = S Sl
71'2—%2 = 42%
%2 — 1—12+2—12+%+.. (3)

Here z = 0 is a point of continuity.

By parseval’s identity,

3 n=1 712
2 — (—1)"
0—= = 4
72 (=) 1, (=
2T or TRtw T
w P (@<
12 1222 32 T
72 1 1 1
A\ RN O
12 2 2 3 @
P A I
12" 32" 52 C6 12
B 372
1
7T2
4
Ll m
12732 527777 g
1 r 2 a(% 1 S 2 2
il de = 2+ = b
e U = a5 d (b
17, a1 216
il dr = 2 4+ = —
2 v 4 2 n*
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™

To find qg

@ = / f(x)dz

2 . i 1
0 n=1
1 [2°]” 4Amr — 1
e = 248N
- {5 . 9 T Z 4
n=1
1 [#n° mt =1
1 = 48y o
15 - Sk
m m 1
o= 48N =
5 9 ; n#
=1 at ot
sy~ = LT
; n4 5 9
= 1 Ar*
sy = = =
; n4 45
S T T
1424 3t 90
9. Obtain the Fourier series to represent the function f(z) = |z|,,—7 < = < 7 and deduce
00 1 7T2
% (2n—1)2 8"
Solution:
Since f(x) is an even function= b, = 0.
The Fourier series of f(x) is
f(x):%+;ancosnx ................. (1)
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To find a,,

™

1
a, = —/f(x)cosnxd:r;
m

—Tr

™

/ T cosnzdr

3

[en]

A0 o 3|
<]
=
3
S
@)
o
15}
3
S

| I
3

—
|
—
N—
S
|
=

'\q‘
I |
N

——, Wwhen 'n’ is odd;
= n2m

0, when 'n’ is even.

Substituting in (1),

= f(x) :g—i- Z —— cosne

Deduction:

Here z = 0 is a point of continuity.

=
=
I
N
|
N | >
[~
2
[\
@)
o
)]
o

S
I
R
L
o

o
I
o |
|
N |
[~
3m|._

S
[
IR
L
o

SRS
(]
3| -
Il
o |

n=1,3,5,
- = =

n=1,3,5,... n 8

1 1 +_1 N o
1232 52 778
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10. Find the Fourier series of f(z) =z in (—m, ).

11. Find the Fourier series of f(x) = x + 2 in (—7, 7) of periodicity 27
Solution:
Given: f(x) is neither odd nor even.

The Fourier series of f(x) is

f(x):%—k;ancosnx—i—;bnsinnx ................. (1)

To find qg

ag = %/f(m)dx

= %/(x%—ﬁ)dx

™ ™

1 1
= — /xdx—l——/xzdx
T T

Il
3 |
(]
+
[\]
8
[\
2y
8

Y ]re 21

=

To find a,,

1 s
a, = —/f(:c)cosnxdx
m

™

1
= —/(:E+$2)cosn:vd:v
m

—T

™ ™

1
= — xcosnxdr + | x%cosnzdx
T
—T —TT
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To find b,

Substituting in (1),

Note:

™

1
— O+2/x2(:osnxdx
0
0
2 _zzsinnx B (295)(_ cosnx) (— sinnx)
T | n n? n3 0
2 [ ,sinna +(2x)cosnx g sinnz "
T | n? nd ],
2 [ (=)™
—10+2 —0—-{0+0-0
= | +2m—g {0+ }}
4(-1)"
n2
v
b, = —/f(x)smnxc&
T
.
= — [ (z+ z°)sinnzdr
T
a7 e
= — rsinnzdr + | x*sinnxdz
T
vl
= — Q/xsmnxd.r—k()
s
0
) )2 _x(_ cosnx) (1)(— sir;nx)}
7| n n 2
2 [ cosnx sinmc]7T
= —_— —T + 5
T | n n? |,
21 (=1~
= Sl —0-{0-0
2[00
2=
B n

[e.e]

272 4(—=1)" 2(—=1)"
T +Z ( ) cosm:—z ( ) sin nx

3 x2 n?

n
P () = (—1)"
34—4 - cosnx—Z; -

n=1 n=1

sin nx

n=1
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Let fr) = M TTEEEY
¢o(x), for 0 <z <.
If p1(—2x) = ¢2(z) then f(x) is even.

If ¢1(—z) = —¢o(z) then f(x) is odd.

cos bx

2z
I+—, - 7<z<0; 8 3
12. If f(z) = I show that f(z) = — |[cosz + cs ot
x T 32
1——, for0<z <.
T
0 1 71.2
Deduce that ) ——— = —.
educe tha 21:(272—1)2 3
Solution:
Given:
2z
T
2z
_ R
¢1(—x) -
= ¢2(z)
= f(x) is an even function = b, =0
The Fourier series of f(x) is
Qo &
f(x)z;%—;ancosnx ................. (1)

To find qg

1 ™

— d
[ 1@y

= g/(l—z—x)dx
T T
0

52
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To find a,,

1 K
a, = —/f(a:‘)cosnxdx

™

—Tr

2 [ 2
= —/(1——I> cosnxdx
T T
0

2 . 22\ sinnz 2\ (—cosnx)]”
on T n T n? 0
2] . 22\ sinnz  2cosnz]”
o 7T n T n?
o2 2= 2
o | w2 n?
2 2
= 2 21— (=1)
22— -1y
4 n
= - (1)
8 :
55 Wwhen 'n’ is odd;
- m2n
0, when 'n’ is even.
Substituting in (1),
:f(m): Z 2,2 CcosSNx
n=1,3,5,..
8 ~= 1
= f(z) = = Z — cosnzx
T n:1,3,5,...n
Deduction:
Here z = 0 is a point of continuity.
8 ~— 1
TP
2 2
& n:1,375,...n
S = =
n=135,.. " 8
L1 1
1232 B 8

13. Find the Fourier series expansion of the periodic function f(z) of the period 27 defined by
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T+,
f(z) =

T™—x,
Solution:
Given:

for —m <z < 0;

for 0 < x <.

Deduce that 3~ — G
edauce a —_— = .
1 (2n — 1)2 8

T™+x
T™T—

Ga(x)

= f(z) is an even function=- b, = 0.

The Fourier series of f(x) is

To find qg

To find a,

f(x):%—i-iancosnx ................. (1)

Qo

= %/ﬂf(x)dx

= %/(W—l’)dl’

2 31:'2}7r
T | 2 1,
2, =2
= 2=l _og-0
7r_7T 2 1
1 [=?
o2
=7
1 K
= —/f(x)cosnxdx
T

—Tr

2

™

™

= —/(’N—Q?)COSR.Td.T

0
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2 [ sin nx (— cosnx)
= Sl — (-1
2 |- - enEegm]
2 [ sinnr  cosnz|”
= —|(r—2x) i
T | n n? |,
20 (=1 1
_ Zlo- D Y p—
| n? { n? H
2
= Z (-
2y
4 P
——, when 'n’ is odd;
— n?m
0, when 'n’ is even.
Substituting in (1),
=~ 4
= f(x) :g—l— Z 3 COSNT
n=1,35,...
T4 S
= f(z) = 5T ;n_é 3 CosnT

Deduction:

Here x = 0 is a point of discontinuity at the mid point.

f(0=) + f(0+) T 4 1
> = f(x):§—|—— Z ECOSO
n=135,
T4 T4 S 1
5 = 3tr 2 om
n=1,3,5,...
™ 4 1
T—5 o= = )
2 T =135, "
4 i 1 ™
.l = = =
T n=135.." 2
L R R
1232 B -8
1l—z, for —7 <2 <0;
14. If f(z) = find the Fourier series of f(z) and hence deduce that
1+, for0<z<m.
1 1 1
1 + 32 + 52 + ...

. ) ) ) ] —1+z, for—7m<2xz<0;
15. Obtain the Fourier series expansion of f(z) given by f(x) =

1+, for0 <z <.
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2
and hence deduce that % + % + é +...= %
Solution:
Given:
p1(x) = —1+=x
o1(—z) = —-1—=x
= —(1+4ux)
= —¢a(x)

= f(x) is an odd function = a¢=a, =

The Fourier series of f(z) is

To find b,

1 s
b, = —/f(a:)sinnxd:r
m

R
= —/(1+x)sinnxdx

0

3

_ %'_(1+$)cosnx+sir;'2nx}z
= % i—(1+7r)<_i)n +0— {—%+O}:|
= (- 1)
Sub in (1)
S 1@) = Y (1 + sinna

3
Il
—

16. Express f(z) = zsinz as a Fourier series in (—m, 7).

Solution:

Page 25

Downloaded From : www.EasyEngineering.net


http://Easyengineering.net

Downloaded From : www.EasyEngineering.net

Umar Ali

Given:

= f(x) is an even function =

The Fourier series of f(z) is

f(:v):%—i—iancosnzn ................. (1)
n=1

To find qg

To find a,,

7

Qo

/  sin zdx

[#(—cosz) — (1)(—sinx)];

[~z cosz + sin z];

[=m(=1) =0 —{-0-0}]

NN ooy o 3w

™

% / f(z) cos nzdz

—T

™

2 )
— | xsinx cosnxdx
T

0

T

™

2 /x [sin (14 n)x + sin (1 — n)x] dz

0
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= /x[sin(1+n)x—sin (n—1)x]dx
[ (—cos(n+ 1)z —cos(n—1)x —sin(n + 1)z sin(n — 1)z )"

x{ n+1 a n—1 }_(1){ (n+1)2 * (n—1)2 H

[ wcos(n+ 1)z  wcos(n— 1)z  sin(n+ 1)z sin(n— 1)95] "

i n+1 n—1 (n+1)2 (n—1)2

a(—) (-1t

o+ 1 * n—1 }

1 1
)yt
m(=1) [ n+1+n—1}

G e )

S|

0

A~ = = =

2(—1)m+
= % provided n 7é 1
n —

To find a;

a; = /f(x) cos xdx

= — | zsinzcosxdx

T
0
in?2
/xsm mdm
2
0

2o

d 1 ’ — cos 2z — —sin2z\ 1"
T | 2 4 0

1 __$cos2$+sin2:r §

M np! 2 4 X

B 1r 7T:|

T )

B 1

2

Substituting in (1)
1 ) 00 2(_1)n+1
= f(z)=1-— 5 08T+ wsinz + > —3 o cosnz.
n=2 N~ —

17. Find the Fourier series expansion of the periodic function f(z) of the period 27 defined by
—k, for —m < x <0; 1 1 T
f(z) = Deduce that 1 — -+ -+ ... = —.
k, for0<uxz<m. 3.5 4

Solution:
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Given:

¢i(r) = —k
¢i(—x) = —k
= —¢2(2)

= f(z) is an odd function,ap = a, = 0.

The Fourier series of f(z) is

To find b,

™

b, = l/f(x)sinnxdx

™

2 s
— —/ksinnxdx
T
0
% [
= — [ sinnxdzx
T
0
2k {—cosnm}ﬂ
T n 3
—2k
= =1 -1
(-1 1]
4k
—, when 'n’ is odd;
= nmw
0, when 'n’ is even.
Substituting in (1),
= 4k
= f(z) = Z — sinnz
n=1,3,5,... nm

Deduction:
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Here x = 7 is a point of continuity.

T 4k 1 .
1) = 7 X geone
n=1,3,5,...
i 4k ‘7T+1,37T+1.
= — |sin— + —sin — + —sin —
T 2 3 2 5
T 1
- = 14+ -=(-1 —(1
1 + 5 ( )+5()+
1 1 T
1——+-- = —
3+5 4

—1, for —m < x <0;

1, for0<z<m.

19. Obtain the Fourier series of the periodic function defined by f(z) =

1 1 1 w2
Deducethatﬁ%—?—l—?—i-...:

8

20. Find the Fourier expansion of f(z) = z in the interval (—m, 7).

0, for -7 <z

21. Find the Fourier series expansion of f(z) =

and f(z+ 27) = f(z) for all x, find the Fourier series for

—m, for —m < <O0;

x, for0<uzx<m.

< 0;
Deduce that

sinz, for0 <z <.

1+1
5.
1

-7

T™—2

4

oV
1248555
1 1

1-3 3-5

(4)
(i)

i

+ .. 00

Solution:

The Fourier series of f(x) is

flz) = % —i—;ancosnx—i-;bnsinnx .........

To find qg

Qo
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To find a,,

To find a,

an

™

= ;[—cosx]o
—1

- 11
)

2

oo

™

! /f(x) cos nxdx

—T

1

™

— / sin x cos nxdx
T

0

27

1

2T

|~

™

/ [sin (1 + n)z + sin (1 — n)x] dx

/ [sin (1 4+ n)x —sin (n — 1)z] dz

i n+1 Ny
[—cos(n+ 1)z  cos(n —1)x]"
_|_

n+1 n—1 0

e i s N

Nz Z n—1 _{n—l—l—i_n—l}}
(1

d 43 2 4 n—1 +n+1_n—1]

[ w1 [—(n—1)+ (n+1) n—1—(n+1)
e e e R e

ML oLy 9
T

—cos(n+ 1)z —cos(n — 1):10} g

0

0, when 'n’ is odd;
—9 . provided n # 1
W, when 'n’ is even.
n?—1)m

a = l/f(:zc)cosacalzzc

™
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To find b,

To find b,

™

3 |

—Tr

™

/f(:r;) sin nxdx

™

1/.
— | sinx cosxdx
T
0
s

1 in 2
_/Sln mdw
T 2

0

1 [—cos2x]™
21 2 0
—1

—1 =1

47T[ ]

0

0

1 . .
— | sinzsin nxdx
T

0
-/ 1)z — cos (n + 1)a]
— [ [cos (n — 1)x — cos (n x
2

0
1 [sin(n— 1Dz sin(n+1)z]"
21 n—1 n+1
0

by

% / f(z)sinzdx

—T
T
1 ) )
—/smxsmxdm
0
s

provided n # 1
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1
2
Substituting in (1)
1 2 o 1 1
= f(x) = %—;n; n2_1cosnx—l—§sinx
1 2 o 1 1.
flx) = ;—;n; (n_l)(n+1)cosnx+§smx
Deduction:
Here z = 0 is a point of continuity.
1 2 1 1
0) = ——— 1)+ =(0
1) T ’ﬂ'n; (n—l)(n+1)()+2<)
PR 1
0 = B —
T Wn;m(n—l)(njtl)
2 «— 1 1
%n;m(n—l)(n—i—l) o
1 . 1 . 1 " 1
00N =0 =
1-3 35 57 2
Here x = — is a point of continuity.
™ 1 2 < 1 nw 1
f (—) = ——— cos — + =(1)
2  \X (n—1)(n+1) Lp
1 1 211 1 1
l—-=-——- = ——|—=(-1 1 -1
2 7 7T|:1-3( )+3-5()+5-7( )+ ]
1 1 21 1 1 1
—_ - - = = _ + _
2 7 m(1-3 3-5 5-7
T—2m 1 1 L 1
2T 2 1-3 35 5-7
1 1 n 1 m—2
— —...00 =
1-3 35 5-7 4
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22.

[ Type
x, for 0 < x < 1
Find the Fourier series expansion of f(x) = Deduce that — +
20 —x, forl <ax <2l 1
1 1 2
3—2 + ? + OO0 = g
Solution:
The Fourier series of f(x) is
f(w):%jtgancos%—i—;bnsm% ................. (1)
To find qg
20
1
ag = Z/f(x)dx
0
r 20
1
= 7 /xdx—i—/ (2l — z)d
Lo !
11722\ 22\ 2
R
i WZEN 12
= (= 42 — 217 — 212 — —
(), (-2 fr-3])
W Y2 12
= - |{=)+22 -2+ =
i|(3) o]
1
= Z[?
)
= 1
To find a,,

21
nnx

% / f(x) cos le’

0

2l

l
=7 /mcos?dw%—/(%—x)cos#dw
0

L l
[ nmT : nmx ( nwx) 2
sin 2L SN —— — COS —/—
('T nfrl + ((2l - .T) nﬂ'l - (_1) : )
T

_ T CONS

—_

~|
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1 I . nmx N 12 nrr (- I . nmx 12 nrr\ >
= —||(xz—sin oS — x)— sin oS
[ nm [ n2m? L/, nm [ n2m? L/,
1 12 12 12 12
= - |0 —1)" =<0 0— —<0— —1)"
l [ +n27r2( ) { —i_n?w?}jL n2m? { n27r2< ) }}
1 72 N
= anﬂ_g[ <_1) _2]
21 N
= n27r2[(_1) - 1]
0, when 'n’ is even;
- —41 )
——5» When n’ is odd.
n2m
To find b,
21
1
b, = 7/f(x)sin#dx
0
m 21
1
= /xsin#dm—l—/(%—x sm—dx
L0 !
i nmwx TL7T$ nmx nmwx 2l-
1 (x(—C(;)LST) N (1)(—sm— ) <2l—x COST) N (_1>(—sm27)>
l _7T nim
i ! (T) I ]
1 nwx n 2 mrx + (2 nwx 2 . nmo 2]
= - || —x— cos — —cos S
T [ 2 > 7) [ n2r? o T .
B T U S S W 0" —0
1| nm mr
= 0
Substituting in (1)
[ 2. —4l nmx
= f(x) = 5t Z 53 COS
n=odd
I 4 & cos “F
- 9T Z 2
n=1,3,5,...
Deduction:
Here x = 0 is a point of discontinuity at the end point.
f(0)+ f(2m) I 4l X1
2 2= 2 al
n=1,3,5,...
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0+0 l 41 1
2 2 2 e n?
TR,
2 w2 |12 ' 32 52
41 1 1 B l
— §+3—2+§+...:| = 5
1 1 1 B 2
ﬁ—i-?—F?—F... = 3

23. Find the Fourier series expansion of f(z) =

Solution:

The Fourier series of f(z) is

+Zanco

To find qg

Qg

To find a,,

Qn

S——l-

[—x, for 0 <x <l

1
Deduce that Z e
n

0, for l <z < 2I.

nmtx nmwx

io:b Sin—— ..o,

n=1

f(z) cos %dm

~| =

(I —x)cos nlﬂdx

~| =

T — - TT—u
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To find b,

Substituting in (1)

= [f(x)

Deduction:

- l
1 sin (— cos M%)
|l =2) = = (-D)——3 ]
L ! (T) 0
1 -(l— R nrr [2 cog 1Y :
I o ST n2m?2 ],
1] 12 12
Zlo— S YO )
l _0 n27r2( ) {0 n2m?2 }}
1] 2 12
il —1)”
I n27r2( ) 7”L27T2:|
1 02 n
L
l n
77,27T2[1 - (_1) ]
0, when 'n’ is even;
21 PRI
poE when 'n’ is odd.
. 2
—/f(m)sm@dm
l [
0
l
= (l—a:)sin?dx
0
1 I ( nmc) ( : mrx) !
— cos L ) R
)& 2 == TSI == ]
L ! (T) 0
1 —(l—x)L cos 2L _ e sin 2%
l nm [ n?m? I ],
|l [
- 10—-0—<3—-l—(1)—0
-0t o)
[
nm
l 00
5 2l nmwx [ nmwx
2 .
§+nzzodd”2772cosT+ 2 %SIHT
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Here z = 0 is a point of discontinuity at the end point.

£(0) + f(2m) I 2 1
2 Z+%5 §: peie)
n=1,3,5
[+0 [ 2 > 1
TeitE Y
2 4 T n=n=1,3,5, .n
I 1 21 > 1
571" @ 2w
n=n=1,3,5,...
I 21 > 1
1~ = X w
n=n=1,3,5,
1+1+1+ P
12 32 52 8

24. Find the Fourier series of periodicity 3 for f(z) =2z —2?in 0 <z < 3.

Solution:
Let 2 =3=1=2

The Fourier series of f(x) is

f(z) = %—I—;ancos?—i—;bnsin@

To find qg
21
1
ag = 7/f(x)dx
0
3
1 2
= 3 (2z — x%)dx
2%
_ E[Qf_x_gr
31727 3,
2
= Z[9-9
209
=0
To find a,,
. 2
a, = 7/f(x)cos@dx
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3
1
5/(2:17—3;2)(308 @dm
2y 2
2 ) 2
g/(Qx—xQ)cos n?jmdx

0
2 [ sin 2nrz (— cos 2nT) (— sin 2nT2)
g (2$—$2) 2”_“3 o (2-21’) 2nm 3 (_ ) 2nm g

L 3 (T) (T) 0
2 | 2 2 9 2
3 (2x—x2)—ﬂsm o (2 —2x) (E) cos 2L 2(%) sin mrx]o
2 3\ 3\
- 10—-4| — 0—<0+2| — 0
3 <2n7r) * { i (2n7r> i }
2 __ 9 9
3|1 n*n?  2nin?
2 __ 36 18
3| 4n2n?  An2n?
2 54
3| 4n?n?

9
n2r?

To find b,

2

1
by, i/f(x) sin L g

0
. 3
3/(295 — %) sin ?dm
2 2
. 3
3/(2x—x2)sm T
2 3
2 [ (— cos 2T (— sin 2nT2) cos 2z
g (2.77 o $2) 2nm : o (2 o 2I) 2nm g <_2) 2n7r33

L 3 (T) (T) 0
2 | 3 onmr 3\’ . 2nme 3 \° 2nma
2 =22 — 2?)— 2—2zx) (| — | si —
3 |-G +(2-22) <2m) ST (m) €83 ]0
2 3 27 27
- |—(=3)=—+0—-2 04+0—-2
31 ( )2 * 8n3m3 { * 8n3m3 H
29
3 |5nm
3
nm
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Sub in (1)
. -9 nwx 3 nwx
= f(x) = anﬂ cos —— + —sin —5—
n=1 2 n=1 2
9 < 1 2ntx 3 1 . 2nnx
DD S md Dt

25. Find the Fourier series of periodicity 3 for f(z) =2z —2?>in 0 <z < 2.

x, for 0 <z < 3;
26. Find the Fourier Series for f(z) =
6—x, for3<ux<6.
27. Expand f(z) =2 — 2% in — < x < [ using Fouries Series.
Solution:

Given: f(x) is neither odd nor even.

The Fourier series of f(x) is

To find qg
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To find a,,

To find b,

rol !
1
- /xcosmdx—/ﬁcos@dx
[ l l

|1 )

r !
1 0—2/x2cos@dx
[ l

L 0

b !
-9 in nre = nrx _ gip T
e P PR P )]
L o (F) (%F) 0

o[ g 2 3 !
— 5 . NTT l nw l ) (71
— |zt—sin— + 22 — | cos— — 2| — | sin——
{ nmw l nmw [ nmw [ .
27 g
—7 _0+21n2w2(—1) —-0—-{0+0-0}

2 [ 283 o
© _n27r2(_1> ]

4]? A
gl

o~ =
1
~
~

. nTx . o nmx

xsin ——dz — [ x%sin ——dx
l l

1 2

Q/xsingdx—i-o

0

o~ =
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2 [ (—cosmm) (— sin 222)
= i z nm l _( ) nw 2l
L ! (T) 0
- 9 l
2 l nmx l nmx
= - |—x—cos— — | sin—
[ nm l nm [ .
21 1
= S |l—(-1)"=0-{0-0
s -0 o))
21
— 2y
—(=1)
Substituting in (1),
21? L 472 nrr  ~= —2[(=1)" . nmx
- _ —1)" cog —— i
= [ (@) 3x2 n27r2( )" cos l +n:1 nr o
PoAP K (1) nmr 2= (=1)" . nmx
B Dl D St
28. Find the Fourier series of f(z) = e in (—1,1).
Solution:
Let 2l =2=1=1
The Fourier series of f(x) is
f(:v):%—l-;anms#—i-;bnsmm ................. (1)

To find qg

= 2sinhl
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To find a,,

-1

— {m [(—1) cosnmx + nmsin nrx] B
S N )
(D)™ 1
1+ n2nr2? [6 —c }
= ﬂQsinhl
1+ n?m?

To find b,

b, = —/f(x)sin@da:

= /e‘“”sinmmd:z

{m [(=1) sinnmz — n7 cos nwz] E

= s [ (1)) = e (1))}
nm(—1)"

—T

2sinh1l < (—1)" — nm(—1)"
= f(zx) = o +Z%QSinhlcosmm%—Z%QSinhlsinmm
n=1

n=1

(=n"

e [cos nmx + nwsin nrz]
n’m

- sinh1—|—2sinhlz
=1

29. Find the Fourier series expansion of f(x) = 1 — 22 in the interval (—1,1)
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30.

Half Range

Formula:
1. Half Range Cosine Series of f(x) in (0, 7) is

fz) = %o + > a,cosnx
0

2
27 27
where ap = = [ f(x)dz, an = = [ f(z)cosnzdx
T o To
2. Half Range Sine Series of f(x) in (0,1) is
flz) = o + > a, cos M
2%
2! 2 !
where a =7 [ f(z)dz, =7 [ f(z) cos 2 dx
0 0

3. Half Range Sine Series of f(x) in (0, 7) is
f(z) => b,sinnz
0
2 ™
where b, = = [ f(z)sinnzdzx
(0
4. Half Range Sine Series of f(x) in (0,/) is

f(x) = b, sin **
0

where b,, =

~| N

l
Off(x) sin "7 dx

Find the Fourier series expansion of f(z) = z(m—x) over the interval (0, 7) as a Fourier cosine
series of period '7’.

1 1 1 _ ot
Deduce 1z + 97 + 57 + ... = 55-

Solution:

The Fourier series of f(z) is

f(x):%—l—iancosnx ................. (1)

To find qg
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To find a,,

a, =

Substituting in (1)

2 [ 22 23”7
= —|lmT— — —
T 2 31y
2
o2 3
2 [ 73
- 7w |6
-3
2 ™
—/f(:v) cos nxdx
7r
0
2 [ )
— | (mz — x*) cos nzdx
T
0
2 [ 5 Sinnx (— cosnx)
Z\(rz — (=222
2 (o — o) T — (- 20) =5 (2
2 [ 9\ SIN NT cosnw sinnx
- (rx — x%) = + (m — 2x) > 2 3 }
2 1" 1
- 0+(—7r)( 2) +O—{0+7r—2~|—0}]
| n n
= % {1 + 1]
T n?
{ 0, when 'n’ is odd;

Using Parseval’s identity

, when 'n’ is even.

- —4
= f(z) = %4- Z —5 cosnx
2 0 1
= %—4 Z —5 COSNT
n=2,4,6,...
1][1‘( Par = D415
— T T = — 4+ = a
T 4 2 s "

™
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1 4 1 1 1
;/xw—st +2tdr = 9 8[24—1—@4—@4- }
0
l[ __27T$_4+x_5r = 7r—4+81 {1+i+l+ }
T 3 4 5], 9 T2t |14 240 3
™1 1 1 ™ 11 1 1
?{5‘5*3] - 3*5[14+2 METRE ]
4{10—15—6] _ 7T_4+1{l+l 1. }
30 9 2114 24 34
Ll 1F+i+i+ ]
30 9 2114 24 34
™ 11 1 1
™0 5[ﬁ+w§+ ]
1 1 1 oot
F+§+3—4+... = %

31. Find the Fourier series expansion of f(z) = x(l — x) over the interval (0,[) as a Fourier cosine

series of period I’
Solution:

The Fourier series of f(x) is

<0 NS, 1T
f(z) = 5 —i—nz::lancos TR (1)
To find qg

) I

ag = 7/f(x)dx
0
) I

= 7/(lx—x2)dx

0

W T =N =N N
T 1T T
o~~~
w
_
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To find a,,

2
= = [ (lz — 2*) cos Y g
) )
!
2 sin 2% — cos ZE — sin 2%
= 2 |(lx — 2% M’ —(l—2x)( — N )+(—2)( — N )]
i z (%) )"
B 2_(l 2) n7r:c+(l %) 1\? n7r:c+2 ) 3m@l
= 7 aszvmrsml me cosl mrs ZO
2 [ 2 2
- 2| —1) -
[ n27r2( ) {O + ln27r2 + OH
2 3 "
= _771271'2[(_1) +1]
212 o
> _n27r2[(_1) 1}
0, when 'n’ is odd;
& _4l2 SREINC
ol when 'n’ is even.
Substituting in (1)
ik 2 —4]? nrx
= f@) = 333 n_zn 272
_ 2 47 cos 2E
6 7T2 n=2,4,6 TZ2

32. Find the half range Fourier cosine series of f(z) = (7 — z)? in (0, 7).Hence find the sum of

o1 1 1
theserlesﬁ—l—g—i—g—l—...

Solution:

The half range Fourier cosine series of f(x) is

f(x):%—i-iancosnx ................. (1)
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To find qg
2 ™
ag = ;/f(:c)dx
0
2 [ )
= ;/(ﬂ'—l‘) dx
0
=il
™| 3(-1) |,
2
= ——0-7
—3. 10— 7]
o
3
To find a,,
2 s
ey = —/f(x)cosnxdx
7r
0
2 | )
= — [ (7 —x)° cosnzdz
m
0
27 ,sinnx (—cosnx)
2 (7=~ — )1
2 ,Sinnx cosnr _sinnz]”
= = |(r- —2(m — —2
= -(71' x) S (m — ) e e
2 1
= - 0—0—0—{0—27r—2—0H
7| n
2 2m
7| n?
4
o

Substituting in (1)

By parseval’s identity,

=S
N | —
[~]¢
3N

3
Il
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7r 4

1 s T 116
~ fE—atar - Tl

5 9 n:1n4
17° i <1
- = 48 il
™5 9 ;n‘*
=1 gt
8 — = = - —
;n‘l 5 9
850:1 B 47t
fept 45
1+1+1+ B l
14 724 30T 90

33. Find the half range Fourier cosine series of f(z) = (z —2)? in [0, 2].Hence find the sum of the

. 1 1 1
serlesﬁ+§—l—§—l—...
Solution:

Here l =2

The half range Fourier cosine series of f(x) is

Qo

To find qg
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To find a,,
) l
a, = Z/f(x)cosnlﬂda:
0
2
2
= —/(x—Q)QCOS@dx
2 2
0
sin “2% — cos 2= — sin 222
— (.fC— )2 nﬂ2 _2<x_2)( - 22 ) ( - 32 )]
_ B () ()" 1o
[ 2 nw 2\° nwT 2\’ . nmz ’
= 22— sin — +2(x —2) [ — — 2= —=
(x )mr sin +2(x )(mr) cos — (mr) sin — ]0
16
= Joro-o {8
16
T 22
Substituting in (1)
8
T 16 nmwx
— ) = > _l—n;l 53 €05 ——
4 16 = 1 nmwr
= f(z) = g—l—ﬁnglﬁcosT ..... (2)
Deduction:
Here z = 0 is a point of continuity.
4 16 = 1
0) = = —_ Wl
4 16 = 1
ool B LITES yRES
3 2 n?
n=1
8 16y~ 1
3 w2 — n?
w2 1 1 1
— = =4+ =4+ =+.. 3
6 12 * 22 * 32 * 3)

Here x = 2 is a point of continuity.

3w n?
0 4 _ 16 = (—=1)"
3 2 n?
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+ =+

4 16[(—1) 1 (—1)+“}

3 a2 12 22 3
4 72 1 1 1
—— = - ==t =—...
316 12 22 32
2 1 1 1
— = ——— 4+ ——.......(4
12 12 22—‘_32 (4)
(3) +(4)
1+1+1+ B 7T2+7T2
1232 52 L 6 12
3
12
2
Y
1+1+1+ B 2
12 32 52 8
s l 4l ™ 3rx Srx
34. Plrovethat,1f0<ac<l,x:5——2 7+§COS : +§cos Tt
1 1 1 t
AlsodeducethatF+?—l—§+...:%

Solution:

The half range Fourier cosine series of f(x) is

To find qg

apg =

~| DN
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To find a,,

~| DN
wn
—
s| B
N
|
—
~—
—~
|
Q
@}
n
3
NZ\
8
~—
—_
o

1 T
o~
[\

n2m?

0, when 'n’ is even;
ol —41

n2n?’

when 'n’ is odd.

Using Parseval’s identity

2 2 °°1
31 - Z}n—
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35.

36.

37.

38.

39.

8 1

2 ot n=1,35,... nt

m 1 1 1

% + 31 + 51 + ...

Expand f(z) =sinz,0 < < 7 in a Fourier cosine series.

Obtain the half range cosine series for f(z) =z in (0, 7)

and show that =

thmtmt... =%

2

Obtain the Fourier Cosine series Expansion of zsinx in (0,7) and hence find the value of

. 2 2 n 2 2
1-3 3-5 5.7 7-9

Find the half range cosine series for the function f(x)is defined as f(z) =

Find the half range sine series for a function f(x)

x (=1 P 1 At 2]
nz::l =17 = 351 0L deduce that the value of BT 3 tE-
Solution:
The Half range Fourier sine series of f(z) is
flx) = an SINNT i, (1)
n=1
To find b,
2 [
b, = —/f(x) sin nxdz
T
0
2 | b
= — [ (xm —27)sinnxdx
™
0
2 [ o (— cosnz) (— sinnzx)
— 2 (ar — 2) S gy TR g
R e e
_ 2 __(gm _ x2)cosnx b 2x>sinnx _ pLosnT "
T | n n? n ],
2 [ (—1)" 1
— Zlo+0-2—=1 —Jo-0-2—
| n n
2 2 .
= ;5[1 - (=1)"]

for0<z<Z;

z, 29

m—ux, for §<w<m.

z(m —2),0 < z < 7. Hence deduce
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0, when 'n’ is even;
= ] '
——, when 'n’ is odd.
nsm
Sub in (1)
N
= f(x) = ——sinnx
Iy
n=1,3,5,..

Deduction:

. . .
Here x = 5 is a point of continuity.

s > 8 nm
1(3) = 2wy
T T 811 T 1 . 3« 1 5%
Gt ) ;{Wl‘la*?sm?*?&“?*
w2 7 1 1 1
13 B 3TEC
1 1 1 1 w3
TR R 7

kx, for 0 <z < %;
40. Find the half range sine series for the function f(x)is defined as f(x) =

k(l—z), fori<az<l
Solution:

The Fourier series of f(x) is

To find b,

I
2
b, = i/f(x)sinmdx
0

2 l

2
= = /kxsin@dx—l—/k‘(l—az)sinwdx
[ 2 2
0

|~

] }
_ 2k x(_cii%)—@)(_s;i%) " (l—x)(_cii%)%— )(—ili%)
l a 2 0 T 2 1t
2k [ n7rx+ [? nmx 2 ( ) nTT 2 nrz]’
= —{ |—z— cos sin —(l — x)— cos — sin
[ nmw [ n2m? I, nm [ n?m? [ |
-2
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12

T . /nm nmw o /nm
= T U (3) i (5) 10 |5 (5) — e (7))
2k 212 . /nm
- | n2r2 St (7)
Atk . /nm
- n2m2 St (7)
Substituting in (1)
= 4lk . /nw\ . nrx
= f(z) = ZTFWZ sin (7) smT
Ak 1 . /nm\ . nrx
= g ()i

41. Find the half range sine series for the function f(x)is defined as f(x) =

sinz, for0<x<7;

42. Expand f(x) =
cosz, for j <z <73.

43. Find the half range sine series for the function f(x)is

Solution: Herel =2

The Fourier series of f(x) is

T, for0<x<%;

l—z, foré<:£<l.

in aa series of sine.

r—1, for0<z<1;

defined as f(z) =

1—z, forl1<z<2

= . T
it & an S e (1)
n=1
To find b,
) l
b, = i/f(x)smnlﬂdx
0
) 2
= §/f(:v)sm%da:
0
1 2
= /(m—1)sinzﬂdx+/(1—x)sinL;mdx
0 1
1 2
—cos 2% —sin 7% — cos “ZF — sin 2%
= [(1’—1)( m”-ﬂ)% + (1—3?)( n_ﬁ2)—(—1)%
2 (=) 1o 2 (=) 1,
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44.

45.

46.

2 1 2 2
. nmx 2 nmwx 2 . nmx
sin—| + |[-(1—2)—cos—— — | — | sin——
2 . nmw 2 nm 2 .

4 .onm
0= gy

s 2 nm
8 nm 2
= —5sin— +—[(-=1)" - 1]
nm 2 nmw
0, when 'n’ is even;
- 8 3 nm Im 7 2
— 5 sin‘gt — —, when 'n’ is odd.
n?m nm

Substituting in (1)

4 1 1
check that for 0 < x <[,1 = — (sinﬁ—x—i——sin?”rTx—i——sin“T”—i—...)
s 3 5)

find the half range sine series for f(z) =1 —x in (0,)

21 1
Show that for 0 < z <, = — (sin 2 = 3 sin 2”79” + —sin 3”79” + .. ) using root mean square
T

value of x, deduce the value of 1% + 2% + 3% +...

HARMONIC ANALYSIS

The process of finding the Fourier series for a function given by numerical value

is known as Harmonic analysis.

Formula: f(x) = % + (a1 cos x + bysinz) + (az cos 2z + besin2z) + . ..

=y

o2 [STET

{Z Yy cos 2x|
A
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47.

Note:1

Note:2

Type :

First Harmonic : a; cosx + bysinx

Second Harmonic : a9 cos 2z + basin2z

Third Harmonic :ag cos 3x + bgsindzx.

Amplitude of First Harmonic A; = \/a? + b2
Amplitude of Second Harmonic Ay = /a3 + b3

Degree

Find the Fourier Series expansion of period 27 for the function y = f(x) which is defined in

(0,27) b means of the table of values given below. Find the series upto the third harmonic.

Solution:

Since the first and the last value of y is same omit the last one.

2 4
x o | T 2 [T ]0T ]y
3 3 3 3
y=f(z)| 1014|1917 |15]12]10

The Fourier Series is given by

f@) =%

T | y |ycosz | ysinx | ycos2x | ysin2x | ycos3y | ysin3x

0|1 1 0 1 0 1 0

g 141 0.7 1.212 —0.7 1.212 —-1.4 0

2% 1.9] =095 | 1.65 —0.95 | —1.645 1.9 0

T | 1.7 —1.7 0 1.7 0 —-1.7 0

4% 1.5 0.75 | —=1.299 | —0.75 | 1.299 1.5 0

5% 1.2 06 |—-1.039| —-06 | —-1.039| —1.2 0

> 187 —1.1 | 0.524 —0.3 | —0.178 0.1 0

aO—Q{%] a1_2[W} b1_2{%
_ 5 {8?7 _ [%} _ 5 {0.5596

a = 2.9 a; = —0.367 by = 0.175

|

|

Q2

204 (ay cos + by sinx) + (ag cos 2x + by sin 2) + (a3 cos 3z + by sin 3z).....(1)
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sin 2x cos 3x sin 3x
_ 5 —0.1732 _ E =0
6 6
by = —0.0593 as = 0.033

Sub in (1)
f(z) =1.45+ (—0.367cosx + 0.175sin x) + (—0.1 cos 2x — 0.0593 sin 2x) + 0.033 cos 3z

48. Determine the first two harmonics of the Fourier series for the following data:
0 i 2m a7 Y

p— — 7T — —

i, 3 | 3 3 | 3

y=f(z)|198]1.30 | 1.05 | 1.30 | -0.88 | -0.25
Ans: f(z) =0.754 (0.37cosz + 1.004 sin z) 4 (0.877 cos 2z — 0.109 sin 2x)

Type 2: 1

49. Find the Fourier series as far as the second harmonic to represent the function given in the

following data.

x (0] 112|345

f(x) | 9] 18| 24282620

Solution:
Here the length of the interval is 6
neh2l = 0= lI= @
w.k.t The Fourier Series is given by
f(x) =% + (a1 cos T8 + by sin Z) + (as cos 272 + by sin 27%)

f(z) =% + (a1 cosf + by sin ) + (ag cos 20 + by sin 20),0 = ZF.....(1)
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v |0="F] y |ycosO |ycos20 | ysinf | ysin20
0 0 9 9 9 0 9
1 60 18 9 -9 15.588 | 15.588
2 120 24 | —12 —12 20.784 | —20.784
3 180 | 28 | —28 28 0 0
4 240 26 | —13 —13 | —22.516 | 22.516
51 300 | 20 10 —-10 | —=17.32 | —17.32
> 125 | =25 -7 —3.464 —.01
R
ay = 41.66 ap = —833 bp = —1.15
o = o[ErnE] = o[ Zomn]
7 -
ay = —2.33 by = —0.003
Sub in (1)
f(z) =T 4 (—=8.33cos — 1.15sin6) 4 (—2.33 cos 20 — 0.003 sin 26), 6 = ==

f(z) =20.83 —8.33cos & — 1.15sin & — 2.33 cos %T:” — 0.003 sin

50. Compute the first harmonic of the Fourier series of f(x)

X

01

2

3

4

5

f(x)

418

15

7

6

2

Ans : f(r) =20.83 + (—2.83cos & +4.33sin %)

2mx
3

51. The following table gives the variations of a periodic function over a period T

5T 1 5T
T
S I
A R N 6
F(z) | 1.98 | 1.3 1.05 | 1.3 | -0.88 | -0.25 | 1.98
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2
Show that f(x) = 0.75+ 0.37 cos € + 1.004 sin § where 0 = %x

Solution:
Since the first and the last value of y is same omit the last one.
T

w.k.t The Fourier Series is given by

flz) = 204 (ay cos - —l—blsinﬂ)

9 I I
9
f(x):@+(a10080+blsin9), :gzﬂ ----- (1)
2 0} T
T Q:%Tx Y ycosf | ysind
0 0 1.98 | 1.98 0
r T 1.30 | 065 |1.1258
il 3 . . .
S22 1105 | —0.525 | 0.9093
3 3
z . 130 | =130 | 0
oT 4
- ?ﬂ 088 | 044 | 0.762
SRR
22 2T | _g.25| —0.125 | 0.2165
6 3
D 46 | 112 | 3.013
cos sin 0
S 0 ) R
4. 1.12 01
_ L[4 _ g [L12 _ o (3013
6 6 6
a = 15 a = 0.37 b = 1.004

Sub in (1)
f(z) =0.7540.37cos # + 1.004 sin 6

Complex Form of Fourier Series

52. Find the complex form of the Fourier series of f(z) = ¢*(—m < z < m) in the form.

sin ham &, a+in 77 > (=1
€W = 1" €. And hence prove that =
T _zo:o< ) a? 4+ n? prov asin har _Zo:o a? + n?

Solution:
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The complex form of Fourier series is

To find ¢,

put x =0

Cn

™

sin ham

Equating the real part

™

sin ham

pla—im)m _ ,—(a=in)m
27(a — in) | ]
1 a+1in
27(a —in) a +in
27T[aa2tlgn)2] [em(_Un _ eﬂm<—1)n}
(@)1 e
27 (a® + n?)
(a+in)(=1)"
2m(a? 4+ n?)
a+1in
m(a? + n?)

[eawe—znw . e—aﬂemw}

2sin ham

(—1)"sin har

o0

sin ham natin oo
Z(_l) 2 L2
TS as+mn
sin ham io:( 1)na+m inz_(9)
—1)" e
T & a? +n?
sin ham i( yr a—+n
T a? +n?
sin ham < n atin
2V
L~ as+mn
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asin harw a?+n?

T

53. Find the complex form of the Fourier series e ™ in —1 < x < 1 and hence prove that

1 S 1 —nm
- —1y_"
sin hl ,z;o( ) 1 4 n2n?
Solution:

Here 20 =2=1=1

The complex form of Fourier series is

f(z) = cheml”, ...... (1)
To find ¢,
]_ l —iNTT
Cn = Z/_lf(x)e rdr
I .
— _/ e—l'e—lnﬂxdx
2J
I :
- _/ 6—(1+zn7r)xdl,
2J
1 e—(l—!—imr)x 1
T @ {—(1+in7r)]_1
A , ,
= [p=Q+inm) _ (1+inm)
2(1 +inm) [¢ . )
A 1—34 . .
! : ’l.TLT(' [e—le—mw . elemw]
2(1+idnm) 1 —inm
—(1 —inm) X 1
AT Gy & U e L]
_ (1 —inm) n 1 1
- -
(1 —inm) ,
= —1)"2sinhl
2(1 +n27r2)( )"2sin
1 —nm n
= {20 sinh1(—1)
Sub in (1)
- n 1 —inm inmTx
flx) = smhlg(—l) T2
—x - n 1 —inm inmTx
e = sinhl 2(—1) T (2)
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put x =0
- n 1L —inm
F(0) = sinhl 2(—1) T
= o L —anm
1 = sinhl Z.O(—l) T2
i<_ )nl—imr 1
1+ n2n? sin hl

Two Marks

x, for0 <z <1,
1. Find the Sum of the Fourier series for f(z) = at x =1

2, forl<uzx<?2.

Solution:

Here = 1 is a point of discontinuity(mid point)

Sum of the Fourier series =

2. Find the Sum of the Fourier series for f(z) =z +2’in —r<r<matx=m
Solution:
Here x = 7 is a point of discontinuity(end point)

f(=m) + f(x)

2
—m 4+l 4+ 747

Sum of the Fourier series =

3. Find the Constant term in the expansion of cos® x as a Fourier Series in the interval (—, 7).
Solution:

Sincef(z) is an even function,b,, = 0

Page 62

Downloaded From : www.EasyEngineering.net


http://Easyengineering.net

Downloaded From : www.EasyEngineering.net Umar Ali

The Fourier series of f(z) is

Qo >
flz) = ) + ngl Ay COSTUT e (1)
To find qg
1 ™
ag = —/f(x)dx
T
1 ™
= —/COS2 dx
T

.. the constant term =

4. write down ag, a, in the expansion of x + 2% as Fourier series in (—, ).

Solution:

@) = w42’
fl=2) = (-2)+(-2)’

= —(z+2?%
fl=z) = [f(z)

", f(x) is an odd function,= ag = a,, = 0.

5. If the Fourier Series of the function f(z) = x + z? in the interval —7 < z < 7 is %2 +
< 4 2 1 1 1
nz::l(—l)” 3 cosng — sinnz| then find the value of the Series H + 5 + 2 + -
Solution:
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7T2

Given f(z) =

o0 4
3 —i—nz::l(—l)” 5 cos g — Esinnx]

Put z = 7 is a point of discontinuity(end point)

f(=m) + f(x)
2

—T 47w+ 7+ 7

2
o2 72
2 3
272
3

272
12

1 1 1
et

6. Define Root Mean Square value of a function f(x) over the interval (a, b).

Solution:

The Root Mean Square value of a function f(x) over the interval (a, b) is

7. Find the Root mean square value of f(z) =7 — 2 in 0 < x < 27.

Solution:

Page 64

Downloaded From : www.EasyEngineering.net


http://Easyengineering.net

Downloaded From : www.EasyEngineering.net

Umar Ali

()

ARSERE

8. Find the R.M.S. value of f(z) =1—2zin0 <z < 1.

Solution:

The R.M.S value of f(x) in (0,1) is

o~ =
D\
=

8

=

[N}

QU

S

—-
—
|
£
IS
5]

OJIH/\I—||—|O
[SCN ZN
v

[ ]|
@l
SN—
w
T |
o —

Sl
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Applications of PDE

WAVE EQUATION

WITHOUT VELOCITY

1. A string is stretched and fastened to two points 1 apart. Motion is started by displacing the string into the
form y = k(lx — 22) and then released it from this position at time ¢t = 0. Find the displacement of the point
of the string at a distance of x from one end at time t.

Solution:

The wave equation is

Py _ 0%
ot? Ox?
The Boundary conditions are:
()y(0,t) =0 vt >0
(i)y(l,t) =0 vt >0
(m)Mzo 0<z<l

ot
(iv)y(z,0) = k(lz — z?) 0<z<l

The Suitable solution is
y(x,t) = (c1 cospx + co sinpx)(cs cos pat + ¢4 sin pat). ...... (1)
Apply condition (i)
y(0,t) = c1(c3 cospat + ca sinpat) = 0
= Kither ¢; = 0 or ¢3 cos pat + ¢4 sinpat = 0
Since c3 cos pat + ¢4 sin pat # 0
= c1=0
Sub in (1)
y(x,t) = co sinpx(cs cos pat + ¢4 sinpat). ...... (2)
Apply condition (ii)
y(l,t) = co sin pl(cs cos pat + ¢4 sinpat) =0
= FEither ¢, = 0 or sinpl = 0 or c3 cospat + c4sinpat = 0

Since c3 cos pat + ¢y sinpat # 0 and co # 0[if o = 0 we get a trivial solution]

= sinpl =0 But sinnt =0
= pl =nm
nw
Sub in (2)
t t
y(x,t) = co sin "lﬂ ((:3 cos m;a + ¢4 8in m;a ) ....... (3)

Page 1

Downloaded From : www.EasyEngineering.net


http://Easyengineering.net

Downloaded From : www.EasyEngineering.net

Umar Ali

Diff par w.r.t 't’

oy(z,t) . nmx . nmat /nwa nwat (nwa
ot = Cy smT —C3 SIn (T) =+ ¢4 COS (T
Apply condition (iii)
Oy(x,0) o sin VTE [c (mra)] _0
o mrla: K N
:EitherczzoorsinT:OOrC4:OOI T:O
SinceCQ#O,sin#;«éO dw#O
= cy =0
Sub in (3)
. nmx nmwat
y(x,t) = casin ] C3cos —
The most general form is
S t
y(x,t) = Y. cpsin @ cos m;a e (4)
n=1
Apply condition (iv)
y(x,O)chnsingzk(lx—mQ) O<z<l
n=1
which is a half range Fourier sine series
To find ¢,
) l
¢ = 7 / f(z)sin @dm
0
2k /
= —/ lz — 22 Smidm
l l
0
nmwx . nmx nmwx
o — cos T) (— sin T) (cos —
= T x—x ’rL_ﬂ' _(1_21‘)(77,71')2_‘_(_2) (TMT
l l l
2k 3
A\ 24 (Coe & T
l n3ﬂ'3 n3m3
== —)" 41
2 21y )
4kl? i
= -]
2
%, when 'n’ is odd;
= n3w
0, when 'n’ is even.
Substituting in (4)
x  8kI? | nmx nmat
y(x,t) = n:zo:dd 3,73 Sill —— €08 —
8kI? = 1 nmwx nmat
y(x,t) = — n=1§57 = sin —— [ Cos —

. A string is stretched and fastened to two points 1 apart. Motion is started by displacing the string into the

form y = 3x(l — z) and then released it from this position at time ¢ = 0. Find the displacement of the point of

the string at a distance of x from one end at time t.

Ans: Form the Previous question put & = 3
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a distance b’ transversely and the string is released from rest in this position.

transverse displacement of the string at any time during the subsequent motion.

Solution:
Let 2l =L
First we find the equation of the String.

Equation between two points(z1, y1)(x2,y2) is

Yy—h _ r—n
Y2 — U T2 — X1
Equantion along AB
y—0 -0
- I
b—0 53—
2
y = bzx
. 2bz 0<x<L
L 2
Equantion along BC
L
y-b _ *735
0—-b L
L-=
2
L
T =
N A va
y—»>b = b T
2
2b L
e S
1)
2bx
= b——+5b
T +
2bx
— 9y =
L
2b L
2b
—x, f0r0<x<5;
y(@,0) = of
—(L—1z), for — <z < L.
L
The wave equation is
Py a0
o2 7 02

3. A tightly stretched string of length 21 is fastened at both ends. The midpoint of the string is displaced by

Find an expression for the

G0 il
(0.0} ¥
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The Boundary conditions are:

(1)y(0,t) =0 vt >0
(@)y(L,t) =0 Vi >0
(m’)wzo O0<z<L
2 L
' E, for0 <z < 5;
(zv)y(a:,O) = 2% L
f(Lf:c), for§<x<L.

The Suitable solution is

y(z,t) = (¢1 cospx + co sin px)(cs cos pat + ¢4 sin pat). ...... (1)
Apply condition (i)

y(0,t) = c1(c3 cospat + cq sinpat) = 0

= Fither ¢; = 0 or ¢3 cos pat + ¢4 sinpat = 0

Since c3 cos pat + ¢4 sin pat # 0

= c1 =0
Sub in (1)

y(x,t) = co sinpx(cs cos pat + ¢4 sinpat). ...... (2)

Apply condition (ii)
y(L,t) = cosin pL(cs cos pat + ¢4 sinpat) = 0
= Either ¢ = 0 or sin pL = 0 or c3 cos pat + ¢4 sin pat = 0

Since ¢z cos pat + ¢4 sinpat # 0 and ¢o # 0[if o = 0 we get a trivial solution]

= sinpL =0 But sinnmt =0

= pL =nm

= _nm

GLE
Sub in (2)
t t

y(z,t) = cgsin %(03 cos % + ¢4 sin nza ) B (3)
Diff par w.r.t 't’

oy(z,t) e sin ™ | e sin nmat (nﬂ'a) + e cos nwat (mra)

e T e ) LD

Apply condition (iii)

Oy(x,0) o sin VTE [c (mra)] _0

R NN
:>Either02:00rsinT:00r04:()0r T:O
SinceCQ#O,sinw#Oand@#O
L L

= cy =0

Sub in (3)
(x,t) = cosin DY ey cos nmat
y\r,t) = c2 7 7

The most general form is
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& t
ylx, t)y = > en sin 2% cos L0 L. (4)
n=1 L
Apply condition (iv)
y(m,O)chnSinwzk(Zx—xQ) O<a <l
n=1 L
which is a half range Fourier sine series
To find ¢,
) L
en = E/f(ac) sin %dw
0
2 ; 2b 7 2b
= 1 /%sm%dm—!—/f(lz—ax)sm—dx
0 i
2
f nmwr nwx ] i nmr nrx, 1F ]
92 % (—cos —) (—sin —) (—cos —) (—sin —)
S 1 G et Ol I et B i S b e
L L
( L2 o L2 z)
b _Lic (n7r>+ L? sm( )+0— _LLC (mr)_ L? m(mr)
L2 2 nw 2 n2m? 2 nw 2 n2m?

_ 4b 217 (mr)
L2 n27728m 2

B 8b nm
T et (7)
Sub in (4)
> 8b t
y(z,t) = ngl 3 sin (%) sin % cos %
(2,1) 8b § 158N, (mr) . nmx nmat
z,t) = — — sin | — |} sin —— cos
A 2 2 2

. A tightly stretched string with fixed end points z = 0 and = = [ initially in a position given by y(z,0) =
Yo sin® (%) It is released from rest from this position, find the displacement y at any time and at any distance
from the end x = 0. Solution:

The wave equation is

Oy _ 2%
oz~ ¢ 9z2
The Boundary conditions are:
())y(0,t) =0 vt >0
(#)y(l,t) =0 vt >0
(iz‘i)ay(;t’o) =0 O<a<l

()y(a,0) = yosin® () 0<x <

The Suitable solution is
y(x,t) = (1 cos px + co sin pz)(cs cos pat + ¢4 sinpat). ...... (1)

Apply condition (i)
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y(0,t) = c1(c3 cos pat + ¢y sinpat) = 0
= Either ¢; = 0 or c¢3 cospat + ¢4 sinpat = 0
Since c3 cos pat + ¢4 sin pat # 0
= c1=0
Sub in (1)
y(x,t) = co sin px(c3 cos pat + ¢4 sinpat). ...... (2)
Apply condition (ii)
y(l,t) = casinpl(cs cos pat + ¢y sinpat) = 0
= Either ¢o = 0 or sinpl = 0 or c¢3 cos pat + ¢4 sinpat = 0

Since ¢z cos pat + ¢4 sinpat # 0 and ¢g # 0[if ¢ = 0 we get a trivial solution]

= sinpl =0 But sinnm =0
= pl =nm

nm
= p=—

l
Sub in (2)

nmat + c4 sin

I [ ) (3)

y(x,t) = cysin nlﬂ(q Ccos

Diff par w.r.t 't’

Oy(x,t) sin 7|, Snmrat (mra) e\ nmat (mra)
o T SEUT A\ I
Apply condition (iii)
oy(xz,0 . nmx nwa
y(at  — casin I [04( I )}:0
= Either ¢o =0 or sin—— =0 or ¢4 =0 or @:O
SinceCQ;«éO,sinnlﬂ#Oand ?7&0
= cy =0
Sub in (3)
. nmx nmat
y(x,t) = cosin 7 Cscos —
The most general form is
o2 t
y(x,t) = > cpsin ¥  ECITY RN 4)
ot l l

Apply condition (iv)

. 7T . 2mx . nmx
c1SINn — + CoSIn —— +Cc3SIN—— + ... = Yo

l l l

Comparing like coefficients we get,

— Sl — — — Sl ——

3 . mx 1 . 3nx
4 l 4 l

3 _
C1—%,62_0,03_7,042852862” =0
Sub in (1)
. TX mat . 27x 2mat . nwx 3mat
y(m,O) :clsln—cosT —|—0281nTcosT +C3smTcos ] + ...
3yo . Tx mat Yo . NTT 3mrat
y(x,0) = == sin — cos — — Z-sin —— cos

4 l l 4 l l
. A tightly stretched string with fixed end points x = 0 and « = [ initially in a position given by y(z,0) =

3 2
k sin (%x) cos (#) It is released from rest from this position, Determine the displacement y(z,t).
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WITH VELOCITY

. A tightly stretched string with fixed end points x = 0 and « = [ is initially at rest in its equilibrium position. If it

is set vibrating giving each point a velocity Az (I — x),then show that y(z,t) =

Solution:

The wave equation is

The Boundary conditions are:

The Suitable solution is

SA3 =1, _
—— > —;sinfEsin Mrel
"0 p=1,3,5,.. 71

Py _ a0
ot? Ox?
(1)y(0,t) =0 YVt >0
(ii)y(l,t) = 0 VE>0
(#1)y(z,0) =0 0<z<l
(iv)%:/\x(l—@ O<a <l

y(z,t) = (¢1 cospx + co sin px)(cs cos pat + ¢4 sin pat). ...... (1)

Apply condition (i)

y(0,t) = c1(c3 cospat + ¢y sinpat) = 0

= Either ¢; = 0 or c3 cospat + c4sinpat = 0

Since ¢3 cos pat + ¢4 sin pat # 0
=

Sub in (1)

01:0

y(x,t) = cqsin px(es cos pat + ¢4 sinpat). ...... (2)

Apply condition (ii)

y(l,t) = cosinpl(cs cos pat + ¢4 sinpat) =0

= Either ¢; = 0 or sinpl = 0 or c3 cospat + c4sinpat = 0

Since ¢3 cos pat + ¢y sinpat # 0 and co # 0[if o = 0 we get a trivial solution]

= sinpl =0 But sinnt =0
= pl =nm
nw
= p=—
l
Sub in (2)
y(x,t) = co8in VT (cz cos A + ¢y sin MHA). (3)

Apply condition (iii)

nmTx

y(x,0) = ca8in "3 =0

= Either ¢; = 0 or sin *7* or c¢3 = 0

Since ¢ = 0 # 0 and sin 27% #£ 0

l
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= c3 =0
Sub in (3)
nmwT nmat

y(x,t) = cosin "¢y sin M

The most general form is
(o]

y(z,t) = 3 ¢psin 7% sin 2004 (4)

n=1

Diff par w.r.t 't’

Oy(x,t x
Vtel) - 5 cosin = cos 254 (252)
n=
Apply condition (iv)
dy(x,0 e
VD) S5 i (212) = Xali - )
=
= sonmx (nma) _ o b, sin Iz
= > cpsin 27 (M74) = 3 by, sin
n=1 n=1

which is a half range Fourier sine series

To find b,

nmwx nmx

(— COS 1

)
— -2z 3
T (z5)

3 3
o ? _2#(_1)71 A {_2n§ﬂ3 H
- By
I = By
2
on = o=t (=1
= -y
_ %, when 'n’ is odd;
0, when 'n’ is even.
Substituting in (4)
y(x,t) = n:g;:dd n84)7\rlja sin mlrm cos m;at
y(z,t) = %lj n:Li::@ nl4 sin mlrx co m;at

a velocity vg sin® (Z2).Determine the displacement y(z, t). Solution:

The wave equation is

Downloaded From

(— sin =

+(-2)

nmTa

= A\z(l — x) where b, = ¢, "7*

(cos ™)

(=) ],

7. A tightly stretched string of length '’ is initially at rest in its equilibrium position and each of its point given
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The Boundary conditions are:

(1)y(0,¢) = 0 vt >0
(id)y(l,t) = 0 vt >0
(#i)y(z,0) =0 0<z<l
oy(@,0) _

(iv) 5 Az(l — x) O<z<l

The Suitable solution is

y(z,t) = (¢1 cospx + co sin px)(cs cos pat + ¢4 sin pat). ...... (1)
Apply condition (i)

y(0,t) = c1(c3 cos pat + ¢y sinpat) = 0

= Either ¢; = 0 or ¢3 cospat + c4 sinpat = 0

Since c3 cos pat + ¢4 sin pat # 0

= =0
Sub in (1)

y(x,t) = co sin px(cs cos pat + ¢4 sinpat). ...... (2)

Apply condition (ii)
y(l,t) = co sin pl(cs cos pat + ¢4 sinpat) =0
= Either ¢, = 0 or sinpl = 0 or c3 cospat + c4sinpat = 0

Since ¢3 cos pat + ¢y sinpat # 0 and co # 0[if o = 0 we get a trivial solution]

= sinpl =0 But sinnt =0
= pl =nm
nw
= p=—
l
Sub in (2)
y(z,t) = cosin 2T (c3 cos 242+ cqsin 4. (3)

Apply condition (iii)
y(z,0) = ca8in “Frez = 0
= Either ¢z = 0 or sin *7* or c¢3 = 0
Since ¢ = 0 # 0 and sin “7* # 0
= c3=0
Sub in (3)
nrx nrat

y(x,t) = cosin "¢y sin M

The most general form is
(o)

y(z,t) = Zl C sin 27E gin 2T (4)
n=

Diff par w.r.t 't’
Page 9
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oy(xz,t) = ) .
o) = 3 nsin 27 cos 2324 (22)
Apply condition (iv)
Oy(z,0 S . .
P - 55 csin g (252) = wnsi® (%)
n=
T . az 2 i 2T 3T iy NTX iy T 3 i ST
ClTSlnT +02TsmT +C3TSIHT +... =19 ZSIHT — ZSIHT
Comparing like coefficients we get,
Tx 3y 3mx  —yo
1 = 7,0220,03—:7,042052062'“:0
I 3yo L (=yo
01257,02:0703:% e a=c5=¢c6=---=0
Sub in (1)
y(2,0) = cysin TF + ¢ sin 272 + ¢y sin 278 4 .
3ol . re Vol e
y(=,0) = dra U 12ma” U

8. A string of length I’ is initially at rest in its equilibrium position and motion is started by giving each of its

) ) cx, for 0 <z < é; ) )
points a velocity V = Find the displacement y(z,t).
c(l—x), forl<az<l

1D HEAT FLOW EQUATION

1. A metal bar 30 cm long has its ends A and B kept at 20°C' and 80°C' respectively, until steady state conditions
prevail. The temperature at each end is then suddenly reduced to 0°C and kept so. Find the resulting

temperature distribution function u(z,t) taking z =0 at A.

Solution:

The 1D heat equation is

ot - 0T x=0 x=30

=20" u=80°

ou
When steady state condition prevails,— =0

ot
we get,
0y — 0
u(zr) = %x + 6,
80 — 20
= 20
30 T+
= 2x+20 0<2<30
The Boundary conditions are:
(D)u(0,t) =0 vt >0
(44)u(30,t) =0 vt >0
(t5i)u(z,0) = 2x + 20 0<z<30

Page 10
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The Suitable solution is

u(x,t) = (c1 cospr + co sinpx)e‘a2p2t. ...... (1)

Apply condition (i)
w(0,t) = cre= Pt =
= TRither ¢; = 0 or e=P"t =
Since e=@"P*t £ 0
= c1=0
Sub in (1)
w(z,t) = cysinpre= Pt . (2)
Apply condition (ii)
(30, 1) = ¢5sin 30pe="P*t = 0
= Either ¢ =0 or sin30p =0 or e~ Pt =

Since e="P’t £ 0 and ¢y # 0[if ca = 0 we get a trivial solution]

= sin30p =0 But sinnm =0
= 30p = nm
N _nm

=30

Sub in (2)

x\2
u(z,t) = cysin %67“2(%) y

The most general form is

7|:¥2n27rzt

o0
u(z,t) = Zl Cp8in Tgpfe™ 900 . L (3)
n—=

Apply condition (iii)
u(z,0) = ) cpsin "¢ = 2z + 20
n=1

which is a half range Fourier sine series

To find ¢,
: l
Cn = 7/f(a:)sin$dx
0
30
= —/(2x+20)sm—dm
0
= i (2$+20) (_C(:LSW%> _ ( Sln?
15 50 (55)
1 30 30
= — |-80—(-1)"—(—-20—-1
15{ nﬂ( ) ( nm ﬂ
1 30
= ——-20[—4(-1D)"+1
15 20 [4(=1)" +1]
40
= —[1—-4(-1)"
2 n-ag-y

Substituting in (3)

Page 11

Downloaded From : www.EasyEngineering.net


http://Easyengineering.net

Downloaded From : www.EasyEngineering.net Umar Ali

u(z,t) = >, — [1 —4(—1)"]sin "fFe™ 90

n=1 NT

10 2 1 e —ata?a?
u(z,t) = - ngl - [1 —4(—1)"]sin “FFe™ oo

2. A bar,10 cm long, with insulated sides, has its ends A and B kept at 20°C and 40°C respectively until steady
state condition prevail. The temperature at A is suddenly raised to 50°C' and at the same instant at B is

lowered to 10°C'. Find the subsequent temperature at any point of the bar at any time.

Solution:
The 1D heat equation is
ou  ,0%u A B
o Y e x=0, =10,
=20 =40
u=50° u=10°

Here there are two steady states,

The solution may be, u(z,t) = us(z) + ur(a,t). .....(I)

02—91 02_01

u(z,0) = ; x4+ 01 us(z) = i x4+ 01
40 — 20 10 — 50

= 0 x + 20 = 10 x + 50
= 2x+20 = —4x+50

(I) = u(z,t) = =4z + 50 + up(x,t)

The Boundary conditions are:

(1)u(0,t) =50 VE>0
(#9)u(10,t) = 10 Vi >0
(tit)u(z,0) = 22 + 20 0<z<10

The Suitable solution is

u(z,t) = —4x 4+ 50 + (¢1 cospr + c2 sinpx)e’o‘szt. ...... (1)
Apply condition (i)

w(0,) = 50 + c1e= Pt = 50

= cle_a2p2t =0

= Either ¢; = 0 or e=@P°t =0

Since =Pt £ ()

= c1=0
Sub in (1)

w(z,t) = —4x + 50 + ¢y sinpre=* Pt . (2)
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Apply condition (ii)
u(10,t) = 10 + ¢o sin 10pe=* Pt = 10
= ¢y sin 10pe’°‘2p2t =0
= Either ¢, = 0 or sin 10p = 0 or e~ Pt =0

Since e=’P’t £ 0 and ¢y # 0[if c; = 0 we get a trivial solution]

= sin 10p = 0 But sinnm =0
= 10p =n7
N _nw

=10

Sub in (2)
2( nn 2t
u(z,t) = —4z + 50 + ¢y sin "7z = (5F)
The most general form is

—a2n27r2t

u(z,t) = —4x +50 + ) c,sin iFe™ 100 . (3)

n=1

Apply condition (iii)
o0

u(z,0) = —4x + 50 + > c,sin F = 22 + 20
n=1

Y Cpsin BEF = 6z — 30

n=1

which is a half range Fourier sine series

To find ¢,

f(z)sin nlﬂd:v

Cp, ==

~| N
=)
[ \N

0
2 . NTX
=) i /(Gx —30) sin 1—Odm

- % [(6:5—30) (= C(;Sﬂﬁ) —6(78ln 120)]
10 (45) 0
1 10 10
= —|[-30—(-1)"—- (30— -1
5[ mr( ) ( nm )}
1 30
= ——30[—-(—-)" -1
5o 0= =1
—60
= —[1+(=1D"
1+ (1))
0, when 'n’ is odd;
= —120

,  when 'n’ is even.
nmw

Substituting in (3)

oo =120 . L —a2a2e

u(z,t) = —4x + 50 + n7224:6 e sin e o
120 = 1 Y

u(z,t) = —4z +50 — — > sin 2T w00

T n=24,6,. 1

A metal bar 20 cm long has its ends A and B kept at 30°C and 90°C respectively, until steady state condi-

Page 13

Downloaded From : www.EasyEngineering.net


http://Easyengineering.net

Downloaded From : www.EasyEngineering.net Umar Ali

tions prevail. The temperature at each end is then suddenly reduced to 0°C' and kept so. Find the resulting

temperature distribution function u(z,t) at a distance x from A at time t.

60 = [1-3(-1)" —a2n2n2t
Ansiu(z,t) = — > =31 5 ) ]Sin e 0o
n=1

A bar,l cm long, with insulated sides, has its ends A and B kept at 30°C' and 80°C respectively until steady
state condition prevail. The temperature of the end B is suddenly reduced to 60°C and that of A increased to

40°C . Find the temperature distribution of the rod after time t.

20 20 S 1 2 —1 n 7a2n27r2t
Ansiu(z,t) = T +40—-— 1+2=0" sin Mffe” 12
T n=2,4,6, n

2D HEAT FLOW EQUATION

. A square plate is bounded by the lines z = 0,y = 0,z = 20 and y = 20. Its faces are insulated. The temperatue
along the upper horizontal edge is given by u(z,20) = (20 — x),0 < = < 20 while other three edges are kept

at 0°C. Find the steady state temperature in the plate.

Solution: YT
u(X,20)=x(20-x)
The 2D heat flow equation is =
u  0%u g
el Y
o912 + dy? u=0 |x=0 x=20]u=0
The Boundary conditions are:
y= .
(o} u=0 3
(i)u(0,) = 0 0<y<20
(#1)u(20,y) =0 0<y<20
(#i1)u(x,0) =0 0<z<20
(iv)u(zx, 20) = (20 — x) 0<z<20
The Suitable solution is
u(z,y) = (c1 cospx + cosinpx)(cseP¥ + cue™PY). ... (1)
Apply condition (i)
u(0,y) = c1(c3eP¥ 4+ c4eP¥) =0
= Either ¢y = 0 or c3ePY + c4e™PY
Since czeP? + cqeP¥ £ 0
= c1=0
Sub in (1)
u(z,y) = cosinpr(cgePy + cie™PY). ... (2)
Apply condition (ii)
u(20,y) = co2sin20p(cze?? + c4e™PY) =0
= Either co = 0 or sin20p = 0 or czeP¥ + c4e™PY =0
Page 14
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Since czeP¥ + cge PY #£ 0 and ¢y # O[if ¢; = 0 we get a trivial solution]

= sin20p =0 But sinnmt =0
= 20p = nmw
N _nm
=0
Sub in (2)
u(z,y) = cosin % (C3€ 20+ che 730”’) ....... (3)

Apply condition (iii)
u(z,0) = cosin n207m(,
= Either ¢o =0 or sm% orcg+cy =0

03+C4)=0

Since co # 0 and sin W #0
= cg+cy =0
= Cq4 = —C3
Sub in (3)
nmr —nry
u(z,y) = cosin — (036 20 — cge 20 )

’}’L27TOSU nny —nry
u(z,y) = cosin 2—003(6 20 —e 20 )

. nTx .
u(z,y) = cosin %c;},(Q sinh ")
The most general form is
nwx -
u(z,y) = z_: Cp SIn —— 50 sinh . ../ (4)

Apply condition (iv)

u(z,20) = Z Cn sin o 50 * Sinhnr = x(20 — z) 0<z<l
> by sin % =z(20 — x) where b, = ¢, sinhnm
n=1
which is a half range Fourier sine series
To find b,
) l
b, = I/f(x) sin nlﬂdx
0
) 20
= 2—0/(20;10 — 2?)sin QLOxdx
0
cog T i T (co mm:) 20
_ 1 NG 20) (_m2o) ® 20
20 20 20 0
1 20° 20°
= o |2 (1 - {2
10 n3m3 n373
1 2-208 N
= 10 % e U
4.20? .
b, = W[ = (=1)"]
. 4 - 202 n
cpsinhnr = 55 1—(-1)"]
1 4-20°
W = ————— 1= (—1)"
¢ sinhnr n3m3 1= (=17
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8- 202 1
— n3713 sinhnr’

when 'n’ is odd;

0, when 'n’ is even.
Substituting in (4)

& 3200 nwT

u(z,y) = sin sinh &Y
(@,9) n:ZOdd n3m3 sinh nw 20 20
3200 X 1

u(r,y) = —3 e sin 7 inh o

w3 Zoqa NS sinhnw 20

. A rectangular plate with insulated surfaces is 20 cm wide and so long compared to its width that it may be

considered infinite in length without introducing an appreciable error. If the temperature of the short edge
o 10y, 0 <y <10;
x =0 1is given by u =
10(20 —y), 10 <y < 20.
and the two long edges as well as the other short edge are kept at 0°C, find the steady state temperature

distribution in the plate. Solution:

The 2D heat flow equation is

0?u  0%u
92 ah 2 =0
The Boundary conditions are:
(D)u(z,0) =0
(#9)u(z,20) =0
(#i)u(oo,y) =0 0<y<20
10y, 0 <y <10;

(i0)u(0,y) =
10(20 — y), 10 <y < 20.
The Suitable solution is
u(z,y) = (c1eP” + cae P*)(cg cospy + ¢4 sinpy). ...... (1)
Apply condition (i)
u(xz,0) == (c1€P* 4 coe™P¥)e3 =0
= Either ¢1eP* 4+ coe™P* or ¢; =0
Since ¢1eP® + coe P or #£ 0
= cg3 =0
Sub in (1)
u(z,y) = (c1€P* 4 coe P*)cy sinpy. ...... (2)
Apply condition (ii)
u(z,20) = (c1eP” + coe P*)cy sin20p = 0
= Either c1eP” + coe™ PP =0 or ¢4 =0 or sin20p =0
Since ¢1eP* + coeP* £ 0 and ¢4 # 0[if ¢4 = 0 we get a trivial solution]

= sin20p =0 But sinnm =0
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= 20p = nm
N _nr
P=%0

Sub in (2)

u(z,y) = (c1e%0 + coe 20 )eysin n2_7;y ...... (3)
Apply condition (iii)

u(00,y) = c1eq 8in % = Omr

= Either ¢; =0 or ¢y =0 or sin2—0y

Since ¢4 # 0 and sin %} #0

= ¢y = 0 for if ¢y # 0,then e* — 0o = u — 00

which is a contradiction for u© = 0.

Sub in (3)

nrz . nmy
u(z,y) = coe 20 ¢y sin — =

The most general form is

Apply condition (iv)

) 10y, 0<y <10
u(0,y) = > ep sin 7Y — Y Y
n=1 20 10(20 — y), 10 <y < 20.
which is a half range Fourier sine series
To find ¢,
l
2
Cn 7 /f(x) sin nlﬂdy
0
10 20
2
2 / 10y sin %/dy + / 10(20 — y) sin T;—?dy
0 10
{ nmy . nmy 10 nmy . nmy 20
1 —COS2—0 —SIH2—O _COSQ_O —S11’12—O
ok B Ozl R Bl G Ll Gl Rl T
[ 20 202 0 20 202 10J
10 0 nm 202 nm 10 20 nm 202 nm
SRSt ety T T o e T
202 | nrx
2oz S
. 800 sin T
" n2n? 2
% sin n_wv when 'n’ is odd;
2
0, when 'n’ is even.
Substituting in (4)
x 800 NI nra nmwy
u(z,y) = n:zo:dd 3 s -e n =5
3200 X 1 axe . nTY
u(z,y) - ngﬂ:dd 2€ 20 sin—=
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Find the steady state temperature distribution in a rectangular plate of sides a and b insulated at the lateral

surfaces and satisfying the boundary conditions
u(0,y) =0,u(a,y) =0,0<y <b

u(z,b) = 0,u(x,0) =z(a—2),0<z<a

A rectangular plate with insulated surface is 10cm wide and so long compared to its width that it may be

considered infinite in length without introducing appreciable error. The temperature at short edge y = 0 is

given by

and all the other three edges are kept at 0 o C. Find the steady state temperature at any point in the plate.

800 &= 1 nry
S —e 10 sin%

Ansiu(z,y) = —
’ w2 n=odd n?

An infinite long rectangular plate with insulated surface in 10cm wide. The two long edges and one short edge

are kept at zero temperature. While the other short edge x = 0 is kept at temperature given by

20y, 0<y<5;

20(10 — ), 5<y < 10.

Find the steady state temperature in the plate.

800 1 ik

) N s -~ . nmy
AIIS.U/(J?, y) = ? n:ZOdd ﬁe 10 Sin 1—0
Two Marks

Note:
In 2nd order PDE,
1.If B2 — 4AC = 0 then it is said to Prabolic
2.If B2 — 4AC < 0 then it is said to Elliptic
3.If B2 — 4AC > 0 then it is said to Hyperbolic.

1. Find the nature of the PDE
T2 Uy 4 22YYay + (1 + y?)uyy — 2u, = 0.
Solution:
Given z2ugy + 22yYay + (14 y?)uyy — 2u, = 0.
Here A = 22, B = 2xy,C = 1 + 9>
o B2 —4AC = 422%y? — 42%(1 + y?)

= —4z? If x = 0 then the equation is Prabolic

If x < 0 or x > 0 then the equation is Elliptic.

Classify the PDE,

(a) Y2 Uz — 22YYay + T3uyy + 2u,; — 3u, = 0.[Ans: Parabolic]
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0*u 0%u Pu _Ou
b)3— +43——— + 6= — 2— — u = 0.[Ans: Ellipti
(b) Ox? + Oxdx + 0y? Ay " [Ans: Elliptic]
2. Write down the PDE governing the transverse vibrations of an elastic string.(or)
0? 02
In the wave equation 29 _ 22 what is ¢ stands for?

ot? 0x?’

Solution:

The PDE governing the transverse vibrations of an elastic string is

Py _ 0%
o2 Oa2
Tension(T)

2:

h .
whete ¢ Mass(M) per unit length of the string

0%u
3. State the governing equation for 1D heat equation.(or) In the diffusion equation i a2ﬁ7what is o2 stands
x
for?
Solution:

The governing equation is
ou 5 0%u
o2
ot Ox?

where a? = —

pc
k-thermal conductivity
p-density of material

c-specific heat of the material

4. Write down the 2D heat flow equation in steady state.
Solution:

The 2D heat flow equation in steady state is the Laplace equation

Pu P,
ox2  oy?

5. What are the various solutions of 1D wave equation:
Solution:

The possible solutions are

(D)y(x,t) = (Acospr + Bsinpzx)(C cos pat + D sin pat)
(ii)y(z,t) = (AeP” + Be P*)(CeP™ + De~Pot)

(tid)y(x,t) = (Axz + B)(Ct + D)

. . . Ou ,0%u
6. State the three possible solutions of the heat equation — = «

ot 0r2
Solution:
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The possible solutions are

(Du(z,t) = (Acospz + B sinpx)e*p%?t
(id)u(w,t) = (AP + Beipz)epza%

(#it)u(z,t) = Az + B

7. Write down the possible solutions of the 2D heat equation in steady
state. Solution:

The possible solutions of the 2D heat equation in steady state will be:

(Du(z,y) = (Acospx + Bsinpx)(CePY + De™PY)
() u(z,y) = (AeP” + Be™P*)(C cospy + D sinpy)

(#it)u(x,y) = (Az + B)(Cy + D)

8. What is the basic difference between the solution of 1D wave and 1D heat equations?

Solution:
82
solution of IDguEREltion. — 252 is y(z,t) = (A cospr+ Bsinpz)(C cos pat+ D sin pat),
2
which is periodic w.r.to t. &8
. . ou 9 32’& . . 7p2a2t .
But the Solution of 1D heat equation 5= ¥ g u(z,t) = (Acospz+ Bsinpx)e , which

is non-periodic w.r.to t.

9. in steady state conditions derive the solution of 1D heat flow equation.

Solution:

0
The 1D heat equation is ket a?

)

0
In steady state, 8_1; =0
0%u
then (1)= — =0
D= 53
N ou
~—a
Ox
= u=ax+0b, where a and b are arbitrary constants.

10. A rod 30 cm long has its ends A and B kept at 20 o C' and 80 o C' respectively until steady state condition
prevail. Find the steady state temperature in the rod.

Solution:

The steady state temperature is

= 0,—-0
u(q}) gx + 917Here 91 = 20,92 = 80,l =30
80 — 20
= 20
30 T+
= = 2x+20, 0<2<30
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11.

12.

The ends A and B of a rod 1 cm long have temperature 40 o C' and 90 o C' until steady state prevails. Find the
temperature in the rod that state.

50
Ans:u(z) = T + 40, 0<z<li

A rod 40cm long with insulated sides has its ends A and B kept at 20 o C' and 60 o C respectively. Find the
steady state temperature at a location 15cm for A.

Hint: u(z) = g + 20, 0<z<40

Sub z = 15, Ans:27.50C

What conditions are assumed in deriving the 1D wave equation?
Solution:
Assumptions:
(i) The string is homogenous.
(ii) The string is perfectly elastic and so it does not offer any resistance to bending.
(iii) The tension T caused by stretching the string is so large so that the action of the gravitational
force on the string can be neglected.
(iv) The string performs small transverse motions in a vertical plane so that the direction y and

0
the slope =) are small in absolute value and hence, their higher powers may be neglected.

ox

What are the laws assumed to derive the 1D heat equation?
Solution:
Assumptions:
(i) Heat flows from higher to lower temperature
(ii) The amount of heat required to produce a given temperature change in a body is proportional
to the mass of the body and to the temperature change.
(iii) Fourier Law of Heat Conduction:
The rate at which heat flows through an area is proportional to the area and to the temperature gradient

normal to the area.

Note:

In 2D they will ask the boundary conditions from the given question.
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Z Transform

Definition:1
Lef {f(n)} be a sequence defined for n = 0,41, 42, ---.Then the Z-transform is defined as

(o)
Z f(n)z7", [z — a complex number]

F(z)

Z[f(n)]

This is called two sided or bilateral Z-transform.

Definition:2

N

=

S
[

(o)
Z f(n)z"", [z — a complex number]
n=0

= Fi(z)

This is called one sided or unilateral Z-transform.

1. Find
(a) Z[a"]
Solution:
Given f(n) =a"
Z[fm) = Y fln)z™"
n=0
Zla"] = Za”z_"

n=0

- Sy
n=0

SRy LSS el (B39

= (1—az H™! if [az71| <1

1

- - if 2] <1

12 z
z

= = if 2] > |a

z—a
Note:
Ifa=1 Z[) = —= if 2] > 1
a=1, =7 z
z
Ifa=-1 Z|-1] = if 1
a ) [—1] P if |z| >

i. Find Z][1]

ii. Find Z[-1]
Page 1
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iii. Find <_31> '
(b) Z[n]

Solution:

-2
1
1—) if 2] > 1

= if |z] > 1

= —log(1—27") if [2] > 1

if |z > 1

@ 2| ]

Solution:
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Given f( ):i!
215 ()
23]
© 2|y,
Solution:
Given f(n) = (n—|1—1)'
21§ )
23]
0 z|%]
Solution:
v FUhTE ‘i:
21 =
s -
i. Find Z[na"|
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Property:Differentiation in Z-Domain

2. Prove that Z[nf(n)] = —z—Z[f(n)] = —z—F(2).

Solution:

(a) Find Z[n?]

Solution:

Show that Z[n?] =

(b) Find Z[na"]

Solution:

d d
dz

=
P
H
3
N
I

= —z—Z|n]

dz

z

iz (z—1)2
(= 12(1) — 22 - (1)

)

(- 1)(z—1-22

(-1 }

=Y

z2+z

(-1

23 +422 4 2

(z =11

Zna"] =

dz

z
dzz—a

G- =)
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(c) Find Z[(n + 1)(n + 2)]

Solution:

Zl(n+1)(n+2)]

(d) Find Z[n(n —1)(n — 2)]

Solution:

Z[n?+3n + 2]

Z[n? +3Z[n] + 22[1]

224z z z
= Gorp o T
22424322 —-1)+22(2 —1)2
- G1p
22424322 -32+22(22 - 22 +1)
a (z—1)°
_ 22424322 —324223 — 422+ 22
- -1
_ 223
(-1
Zin(n —1)(n—2)] = Z[n®—3n?+2n]
= Z[n® - 3Z[n? + 2Z[n]
_ 22442242 224z z
e R CE VA P
224422+ 2-3(224+2)(z— 1)+ 22(z — 1)?
\ (z=1)*
24422+ 2+ (=322 —32)(2 — 1) + 22(22 — 22+ 1)
B (z—-1)4
244224+ 232322+ 322+32+ 223 — 422 4+ 22
a (z—1)*
6z
(z = 1)

3. Find Z[a™ cosnf] and Z[a™ sin nb]

Solution:

W.K.T e
and e™?
Also Z[a"]

= Z[(ae'®)"]

= Z[a" cosnb + ia" sinnb]

= Z[a" cosnb] + iZ[a" sinnb]

cosf +isinf

cosnb + isinnf

z

z—a
z

z — ae'?

z

z — a(cosf + isin0)
z

(z —acosf) —iasiné
z (z —acosf) +iasinf
(z —acosf) —iasinf (z — acosf) + iasinf
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Similarly Z[a" cosnf] —iZ[a" sinnb]

Note:
Find Z[2" cos nQi]

Find Z[2" sin %ﬂ]

4. Find Z[cosnf] and Z[sinnb)]
Hint:Put a =1

Find Z[cos n—;] and Z[sin %]

Note:1

W.K.T Z[a" cosnb]

putazZandng

Z[2" cos nﬁ]
2

Ans : Z]cosnb)]

Z[sinnd|

L Z[em" f(t)]

2. Z[a" f(1)]

z[(z — acos @) + iasin 6]

(z — acosh)2 + a2sin?

z(z —acosf) + izasinf

22 — 22ac0860 + a2 cos2 0 + a2 sin? 0
z(z —acosf) +izasinf

22 — 2zacos O + a?

z(z — acosf) zasin 6

22 — 2zacos O + a?
zasin 6

22 —2zacosf + a?
z(z — acosb)

22 —2zacos O + a? 22 —2zacos O + a2

2Z[a" cosnb] = 22(z —acosb)

22 —2zacos + a?

Zla" cosnd] = z(z — acosf)

22 —2zacos O + a?

2zasin 6
2Z[a" sinnf] = Zasm

22 —2zacos O + a?

Zla" sinnf] = zasing

22 — 2zacos 0 + a?

2(z — acos )

22 — 2zacosl + a?

T
 9cos =
z(z — 2 cos 2)

22 — 2z(2) cos g +4

z(z — cosf)
22 —2zcosf +1
zsin 6
22 —2zcosf +1
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Note:2
Find Z[na™]

Solution:

a(z—a)

Try Z[a™ cosnf] and Z[a™ sin nd|

Find Z[e™% sin bt]

W.K.T Z[eiatf(t)} < Z[f(t)]z—meaT
Zle " sinbt] = Z[sinbt],_,,cor

= Z[sinbnT)],_ ear
zsin bT'
22 —2zcosbT + 1 |Z—>Z€“T
2T sin bT
22e20T — 22e0T cos UT + 1

1

. Find the Z-t fi f———-
5. Fin e ransform o (n+1)(n+2)

Solution:
1 A B
Let —mM8M — = +
(n+1)(n+2) n+1l n+2
1 = A(n+2)+B(n+1)
Put z = —1 Put z = -2
=1=A =1=-B=B=-1
1 B 1 1
n+1)n+2)  n+l n+2
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1 1 1
2| = z ) P (1)
(n+1)(n+2) n+1 n+2
1 = 1
Now Z | ——| = Z 2"
n+1 n:0n+1
,~1 L2 -3
- 14+ 4z 4 4l
t bt
-1 -2 -3 -4
B R R R }
= —zlog(1—2z"" if |z > 1
1
= —zlog(l—)
z
-1
= —zlog(z)
z
= zlogei if |z > 1
z—1
1 — 1
Also Z |——| = -
I N R N
2 3 4 5
_ ool
2 3 4
o1
= 2? {—log(l—z_l)—l} if 2] > 1
1
= 2210g<1>+z
z
-1
= —z210g<z >+z
z
2 2 .
= zlog, +z if |z] > 1
z—1
Sub in (1)
Z 1 zlo L—1—2210 _Z +z
(n+1)(n+2)] 21 Se\z -1
5 z
= (z—2)log, [ -
- tog. (27 +2
FindZ{M]
(n+1)(n+2)
Ans: 91 : —
ns (z—l—z)oge(Zl z

6. Prove that Z[f(n+ 1)] = z[F(z) — f(0)][Second Shifting Theorem)]

Solution:
F(z) = Z[f(n)] = i_o%f(n)zn
Zlf(n+1)] = iof(nﬂ)zn
- i)f(n+1)z—"z—1z
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= sz(n+1) (n+1)
n=0
Putn+1=m
fn=0=>m=1
fn=0c0=m=o0
we get, Zlf(n+1)] = 2 f(m)z"
m=1
= sz(m)zm—i—zf(O)z O 2£(0)z7°
m=1

Note:
If Z[f(n)] = f(2) then find Z[f(n — k)] and Z[f(n + k)]

Initial and Final value Theorem:

. State and prove the Initial and final value theorem.
Solution:

Initial value theorem:

If Z[f(n)] = f(2) then f(0) = lim F(z)

Z—00

(oo}

W.K.T F(z) = Z[f(n)] :Z f(n)z""
= fO)+f (1)z*1+f( )2 T 5@ S s
= s+ 10T IO
L R
= f(0)
Final value theorem:
IEZ[f(n)] = f(2) then lim f(n) = lim(z — 1)F(2)
W.K.T Z[f(n+1)] = z[F(z)— f(0)]

Z[fin+ D] = F(z) = 2F(2) = 2f(0) = F(2)

ZIfn+ D] = Z[f(n)] = (z=1)F(z) - 2f(0)
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Z[f(n+1) = f(n)]
Y+ 1) = f(n)]zmn

n=0

lim(z — 1)F(2) — f(0)

z—1

lim(z — 1)F(z) — f(0)

z—1

lim(z — 1)F(2)

z—1

Convolution Theorem

Note:

L.l14+a+a®+a*+...+a" =

2. 14+a+a?2+ad®>+...+a" =

8. Using Convolution theorem, find the Z~! [

Solution:

= (z-1DF(z) - 2f(0)
= (z-1DF(z) - 2f(0)

= lim [f(1) = fO)+f2) = f()+fB) =)+ + f(n+1) = f(n)]

= Tim [f(n) ~ f(0)

= T [f(n) — £(0)]

— lim f(n)
a’:’i 1 1 ifa > 1
! 1 iln:l ifa <1

s e = 25

Using Convolution theorem, find the Z~! [

9. Using Convolution theorem, find the Z~! [

e

822
(22 —1)4z + 1)]
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Solution:

Using Convolution theorem, find the Z—! [

Using Convolution theorem, find the Z~! [

10. Find Zz! {

Solution:

(z—a)?

(2z—-1)4z-1)

(7z—1)(22—1)

2 (7))
JEC) ()
PR
JE

o[-
O -]
o b ()]
(4 (3)

822

|
|

1422

} using convolution theorem.
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_ zn:aranfr
r=0
- Y
r=0
= a"Zl
r=0
= d"14+141+4+---41]

= (n+1)a"

11. Find Z7! { } using convolution theorem.

(z—4)°

Solution:

(2 —4)
+1)4" %47

N
-
| — |
—
N
S
w
e
=
w
—_
Il
N
—
| — |
N
(V)
_
|
_
| —— |
N
[
e~
| I

=

3

\E

(r+1)474""

ﬁ
Il
<

NE

(r41)4"

(=)

=
n

= 4") (r+1)
r=0
= a"[1+2+3+---+(n+1)]

_ e+,
2

12. Find Z! [(,2—2)223(2—3)}

Solution:

[\V)

SherrEhatinE- R AT

= (n+1)2"x3"

n

= ) (r+1)273"

r=0

= 3" Zn:(r +1) (g)r

=0
= 3 1+2<§)+3<§)2+4<§)3+...+(n+1)<§)n]
Let S = 1—|—2x—|—3x2—|—4x3+...+mﬁn_1—i—(n—i—l)x”,wherex:g
S = x422%+323 +4a* + . 4 na™ + (n+ 1) !
(1-2)S = (Q+a+22+23+... +2") —(n+1)z"?

= %f(n+l)x”“
g = 1— gt - (n+1)zn+!
o (1—2)2 1—z
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2

2 [emgmg] = # oo (5)]

Method of Partial fraction

Note:
f(zx) A B
T 1: =
2 (x—a)(x—b) x—a x-0
f(z) A B C
T 2: =
/e (r—a)?(x—=b) =xz—a (r—a)® x-0
f(z) A Bx+C
T : —
ypes (r—a)(z?—brx—¢c) z—a z2—-bx—c
10z
: -1
13. Find Z LQ — 3z—|—2]
Solution:

10z
Let F(z) = 2 3. 12
:>F(Z) B 10
z (z—1(z-2)
Let 0 = A + b
(z=1)(z-2) z—1 z-2
10 = A(z—2)+B(z—1)

Page 13

Downloaded From : www.EasyEngineering.net


http://Easyengineering.net

Downloaded From : www.EasyEngineering.net

Umar Ali

Put z =1 Put z =2
=10=—-A =10=B
=-10
10 _ 010
(z—1)(z—-2)  z—1 2z-2
Fz) _ -10 10
z T oz—1 z-2
z z
F = -10 10
(2) z—1+ z—2
z z
= —10Z7'|——| 41027t
) 0 {_1]+0 L_Q}
= —10(1)" +10-2"
Evaluate Z~! I N
22 4+ 72410
22
Find the inverse Z-transform of L&Z
(z4+2)(z—4)
1 i
14. Find 727 | ——F—
" [(zl)?(z?J
Solution:
3
%
Let F' =
R P VT y
F(z) 22
= =
z (z—1)2(z —2)
Let G = < + L + ¢
(z—1)2(2-2)  z-1 (2-1)2  2-2
22 = Alz—1)(2-2)+B(z-2)+C(z—1)?
Put z=1 Put z =2 Eq.coeff of 22
=1=-B =4=C 1=A4+C=A=1-C
B=-1 = A=1-4
= A=-3
22 I T B
(z—=1)2(z2-2)  z—-1 (z2—-12 2-2
F(z) =3 n -1 n 4
z Coz—1 (-1 z-2
z z z
F(z) = — 4
(2) 3z—1 (z:—l)2Jr z—2
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z z

z—2

—37~1 {

|

|- [ |
—3(1)" —n+4-2"

z —

Find Z—!
N KCESVEERS)
Find 71 [ 237 —2+2) ]
L[(z=1)2(z+1)]
_ ) -
15. Find Z~! _(z+2)z(z2 wy by the method of partial fraction.
Solution:
52
Let F(2) = ———
(2) (z+2)(22 +4)
N F(z) z
2 (2+2)(22+4)
z A Bz+C
Let =
(z 4+ 2)(22 + 4) 2+2 2244
z = A(*+4)+(Bz+0)(2+2)
Put z = -2 Put z=0 Eq.coeff of 22
= —2=8A = 0=4A+2C 0=A+B=B=-A
1 -1 1
1
=C=_
2
-1 1 n 1
2 _ 4 4173
(z+2)(22 1+ 4) 2+2 2244
LxdLOLil 1 =z Ji 1
z  4z+2 42244 22244
1 z 1 22 1 =z
Flz) = —- e -
(2) 12—(-2) " 422+4  222+4
1 z 1 22 1 2z
T ] P RNyt A e
J(n) 1 [z—(—2)]+4 [z2+22}+4 2422
1 1 1
= —Z(—Q)” + 12" cos % + 12” sinn—;
Find 21 | — 2 %

(z—=1)2(22 +1)
Residue Method

Note:

Simple Pole:

Page 15

Downloaded From : www.EasyEngineering.net


http://Easyengineering.net

Downloaded From : www.EasyEngineering.net

Umar Ali

{ResF(z)z" 1}._q = lim (z — a)F(2)2""

z—a

Pole of order n:

(ResF(z)z" 1}y = —— lim O
coriz)z Zza_(n—l)!zlgclzaz"_l

(z —a)"F(z)z"1

2
16. Find Z! {Z?)Z] using residue method.
(z+2)(z-5)
Solution
2 _
Flz) = z 3z
(z+2)(z—5)
_ _ —3)
n lF _ n—1 Z(Z
STFE) (z+2)(z—5)
B 2"(z — 3)
 (2+2)(z—5)
Eq the domininator to zero
(z+2)(z—=5) = 0
z = b5,-2
The poles are simple,z = 5, —2
W.K.T {ResF(2)z" '}y = liin (z—a)F(2)z"!
When z =5
S . B 2"(z — 3)
{ResF(z)z"""}.=5 iglré(z )7(2 T p—
5"(2)
7
2
Z5n
7
When z = -2
n—1 : Zn(z 3 3)
{ResF(z)z" " }.=—2 i;n})(z +2) G265
(=2)"(=5)
-7
5 n
22
. f(n) = Sum of the Residues
2 )
— Zpgn (=)
+2(2)
222+ 32+ 12
17. It U(2) = %,ﬁnd the values of us and ug
-
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222 + 32+ 12
(z— 1)

222+ 32+ 12
(z—1)

n—1

1,1,1,1

) anfl N .
o1t g (E ) () 1

4 ono122%+ 32412
(z -1

——[2(n+1)2" + 302"t +12(n — 1)2" 2

[2(n + Dnz""! 4+ 3n(n — 1)2"2 4+ 12(n — 1)(n — 2)2"°]

. é lim[2(n + 1)n(n — 1)2"2 4 3n(n — 1)(n — 2)2" + 12(n — 1)(n — 2)(n — 3)2"4]

= Lom4 Dt =1) £ 300 = 1)(n—2) +12(n = 1)(n - 2)(n — 3)]

= Lpmt Dnm—1) 1300 — Dn - 2) +12(n — 1)(n — 2)(n — 3)]

1
uy=g[2-3-2-1] =2

1
up=[2:4:3-2+43:3-2:1] =11

Solution
U(z)
27U (2)
Eq the domininator to zero
(z = 1)*
z
The poles are order 4,z = 1
W.K.T {ResF(2)2" '}.—a
When z =1
1 0%z
n—1 S O hdiied _
{ResF(z)z" " },01 = 3 ;;Iri 555 (z—1)%z
1 : 832 n+1 n n—1
= 621_{1%@[22 + 32" + 12271
S 0%z
B 6 z1—>nll 022
1. 0z
= = lim —
6 z—1 0z
z—1
6
o.f(n) = Sum of the Residues
6
Put n=2,
Put n=3,
222 14
IfU(z) = w,ﬁnd the values of us and ug

(z—1)*
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Formation of Differential Equation

18. Form a differential equation by eliminating arbitrary constants y,, = a + b3™

Solution:

Yn = a-+b3"
Ynt1 = a+ p3ntl
= a+ 3b3"
Ynt2 = a+ p3nt2
= a+9b3"

Eliminating a and 53",

Yn  Yn+l Yn+2

1 1 1 =0
1 3 9
Yn[9 =3l = yn+1[9 = 1] + yn42[3-1] = 0
6Yn — 8Ynt+1 +2Ynt2 = 0
Ynt+2 —4Ynt1+3yn, = 0

19. Form a differential equation by eliminating arbitrary constants y,, = (4 + Bn)2"

Solution:

yn = A2" + Bn2"
Ynp1 = A2"T1 4 B(n+1)2"T!
= 242" 4 2B(n+1)2"
Ynto = A2"? 4 B(n+2)2"1?

= 4A2" +4B(n+2)2"
Eliminating a and b3™,
Yn Yn+1 Yn+2

1 2 4 = 0
n 2n+1) 4(n+2)

Yal8( +2) = 8( + 1] — g1 [4(n +2) — 4n] + yrpol2(n+1) —20] = 0
8Yn — 8Ynt+1 + 2Yny2 = 0
Yn+2 — 4yn+1 + 4yn = 0
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Form a differential equation by eliminating arbitrary constants vy, = a — b3"

Form a differential equation by eliminating arbitrary constants y, = an + b2™

Solving Linear Differential equation

Formula:

Zlyn] = F(2)
Zlynta] = 2F(2) — zy(0)
Zlyns2] = 2F(2) = 2%y(0) — 2zy(1)
Zlynrs] = 2°F(2) = 2°y(0) — 2%y(1) — 2y(2)

20. Using Z-transform solve w9 — bty 41 + 6u, = 4™ given that ug = 0,u; = 1.
Solution:
Given up492 — dupy1 + 6u, =47

Applying Z-transforms on both side,

Z[’LLHJFQ} = 5Z[Un+1] + GZ[Un] = Z[4n]
F(2) - 2u(0) = zu(1) - 5[2F () — zu(0)] + 6F(s) = - - y
Given ug = 0,u1 =1 F(2)[2> =52+ 6] —2 = 2i4
F(2)(z—2)(—3) = Z—f4 +z
_z+ 2% — 4z
B z—4
2% - 3z
Pz = (z=4)(z-2)(z-3)
_ z(z —3)
(z—4)(z2-2)(2—-3)
- (z—=4)(z-2)
By Residue Method,
SE = Ty
_ 2"(z —3)
(z—4)(z-2)
Eq the domininator to zero
(z=4)(z=2) = 0
z = 2,4

The poles are simple,z = 2,4
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21.

W.K.T {ResF(2)z" '} .o = lim(z —a)F(z)z""
z—a
When z = 2
1 L B 2"(z — 2)
{ResF(z)z" " },00 = il_)m2(z 2)7(2 — =2
_
)
= @
When z =4
n(. _ 4)
F n=1v _ _— —4 L
{Res (Z)Z }274 zl—IEl(Z ) (Z _ 4)(2’ _ 2)
2
_ 2211—1
S, = Sum of the Residues

_(2n—1> < 22n—1

Solve the differential equation y(n + 3) — 3y(n + 1) + 2y(n) = 0 given that y(0) = 4,y(1) = 0 and y(2) = 8.
4

Ans:y(n) = gn + 3 (—2)"

Solve the differential equation w2 + 3upy1 + 2u, = 0 given that ug = 1,u; = 2

Ansiu, =4(-1)" — 3(=2)"

Solve the differential equation ¥y, 12 + 4yn4+1 + 3y, = 2" given that yo =0,y; =1

Ansign = —2(=3)" + % - (~1)" + — - (2)"

5 3 15
Solve the differential equation y(n) + 3y(n — 1) — 4y(n — 2) = 0,n > 2 given that y(0) = 3,y(1) = —2
Hint:Changing n to n 4+ 2
Ans:y(n) = (—4)" + 2

Solve the differential equation y(n + 3) — 3y(n + 1) 4+ 2y(n) = 0 with y(0) =4,y(1) =0 and y(2) =8

8 4
Ans:y(n) = 3 + g(—Q)”

Solve yYnt2 + 6Ynt1 + 9y, = 2™ given that yo = y1 = 0 using Z-transform

Solution:
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Given yn42 + 6Ypt1 + 9y, =27

Applying Z-transforms on both side,

ZlYnt2] +6Z[ynta] + 9Z[ya] = Z[2"]
PF(2) = 2y(0) - 2y(1) + 6[F(2) - 2y(0)] +9F () = - - -
Given yo = 41 = 0 F(2)[22 +62+9] = zi2
F2)(z+37 = - - -
F(z) = z

By Residue Method,

z"_lF(z) = 1!

Eq the domininator to zero
(z-2)(2+3) = 0
z = 2,-3,-3
The poles are simple,z = 2

The poles are order 2,z = —3,4

W.K.T {ResF(2)z" '}y = li_r>n (z—a)F(2)z"!
When z =2
- ¥ y - B 2"(z — 2)
{ResF(z)z" " },o0 = ll_}rr;(z 2)—(2' )+ 3
2
25
il n—1
{ResF(2)2" }oma = =) lim 682”_1 (2 —a)"F(2)z""! When z = -3
1 0z z"
F n—1 e - hed 2. &
{ResF(z)2" hamms D Py sy P
0z, 2"

= 1. [—
Pt az[z — 2]

—  im (z —2)nz""t — z"(l)]
z——3 (Z — 2)2
on(-3) 1 (-3)"
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S U, = Sum of the Residues
m 1 S
= 35 + 15”(*3) - %(*3)

Solve by Z-transform u, o — 2up41 + uy, = 2™ with ug = 2 and u; = 1.

Ans:iu, =2"+1-2n

Solve the equation ¥, 42 — 3ynt1 + 2y, = 2" with yg =y1 =0
Answy, =1+ n2nt —2n

Solve the differential equation y(k + 2) — 4y(k + 1) + 4y(k) = 0 with y(0) = 1,y(1) =0
Ans:y(n) = 2F — k- 2k

Solve the equation ¥, 12 + 4yp11 — dyn = 24n — 8 with yo = 3,y1 = =5
Ans:y, = (=5)" + 2n? — 4n + 2[use partial fraction method]

22. Solve the differential equation y(k + 2) + y(k) = 1 with y(0) = y(1) =0
Solution:
Given y(n +2) +y(n) =0

Applying Z-transforms on both side,

Z[yn+2} + Z[yn] - Z[l]
ZF(2) = 2%(0) —zy() + F(2) = 4 1
Given yo=y1 =0 F(2)[s* +1] = zil

F(z) =

By Partial fraction Method,

:>F(Z) B 1
z  (z=1)(224+1)
1 A Bz+C
L =
et(z—l)(zz—i—l) z—1+z2+1
1 = AR+ +(Bz+C)(z—1)
Put z=1 Put z=0 Eq.coeff of 22
=1=2A4 1=A-C=C=A-1 0=A+B=B=-A
1 1 1
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1 1 1
1 2 ' "%
GC-DE+1)  z-1 241
Fz) 11 1 =z +1 1
2 T22—-1 22241 22241
F(z) = ] P G e
2 z—1 2 2241 2 2241
() 1 =z 1 22 1 =z
n) = =
4 27— 222—|—1 T 9241
1{1 .TL7T:|
= = —COb——bln—
2 2
1 k
ylk) = 2[1—00577—5111;]
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Unit-4

Fourier Transforms

The Fourier transform pair for f(x) is:

The Fourier transform of f(z) is

F(s) = F[f(ar)]=\/% / f(@)e*rda

The Inverse Fourier transform is

1 .
) = — F(s)e "**ds
f@) = —= [ F)
Note:
Parseval’s identity is
[ 1P = [ if@)Pds
a’® — xz, r| < a; 2 [ si = 5
1. Show that the Fourier transform of f(x) = = is 24/ — (bm = gts £ as)- Hence
0, |z| >a >0 C g
4 . 2
> t—1t t e t—1t t
deduce that [ wdt = % Using parseval’s identity, show that [ (smtgcos> dt = 115
0 0

Solution:

The Fourier transform of f(z) is

(o) = FU@)= o= [ fe)ei
/(a2 — 2%)(cos sz + i sin sx)dx

a a

/(a2 — 2%) cos szdx + i /(a2 — 2?%) sin szdx

—a —a

2 /(a2 — 2% cos szdx + 0
0

oo (255 oo ()]
|

(a? — xg)smsx 9 (COSQSZ‘) 492 (Sm;xﬂ
s s s o

Cos sa sin sa
—2a

52 +2 s3

2 | —ascosas + sinas
T 53
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9 2 (sinas — ascosas
53

The Inverse Fourier transform is

1 —isx
flx) = E_ F(s)e *"ds

1 / 9 2 (sinas — ascosas ( .. )d
= — £ = cos st — isin sx)ds
V2T ™ 53

[ oo [
2 sinas — ascosas . sinas —ascosas\ .
= — 3 cos sxds — 1 3 sin sxds
T s s
o0 -
[ oo
2 sinas — ascosas
= — |2 cos sxds + 0
T s3

CHIS

oo
sinas — as cos as
cos sxds
0

/(smas—ascosas) cos sz %f(x)
0

Putz=0anda=1

(sms—scoss)ds - %f(o)

g3

N sins — scos s d T
20 PP ) ds = -
83 4
0
Put s=t¢ =ds=dt

N

o0

smt—tcost
[ e -
0

Using Parseval’s identity

]O |F(s)|*ds 7 |f(2)|Pdx

/42 (sinas—zscosas)QdS _ /a(a2—x2)2dx
77 s

[eS) . 2 a
28/<smas—§scosas> ds — 2/(a4—2a212+$4)d$
™ S

0 0
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Puta=1

2. Find the Fourier transform of f(x) =

31
16
Solution:

8
T

. 2
sinas — as cosas
ds =
53

g3

O"\g 0\8

. 2
sinas — as cos as
ds =

_a’m (15—-10+3
T8 15 )
o (1571'
15

/ sins — scos s 2d s
2o oRe S 2

53 15
0

The Fourier transform of f(z) is

F(s)

Put s =1t =ds=dt
/ sint —tcost th _ T
¢3 15
0
a? — 22, z| < a; 3 5
ol < Hence prove that f BULIP 8 €08 cos 5ds =
0, |z] >a >0 s°
0 r 18T
Fi@)= 2= [ fa)eis
L (a® — 2%)(cos sz + isin sz)dx
V2
L (a® — 2*) cos swdx + i | (a® — %) sin szdx
V2
L 2/(@2 — 2%) cos szdx + 0
V2
Lo
2 9 9, SIN 8T — COS 5T —sinsz\ "
£ |(@? - ~ (o) [ 22 (o
g [l - (55 v (557,
2 5 o Sinsz oS S (sin sx)}a
— |[(a®" ==z — 2z ( ) +2
V2m [( ) s 52 s3 o
D) . .
/2 l:_2aC0528a N 25111380,:|
™ s
9 /2 —ascosas—i—smas
T
9 2 (sinas —ascosas
7r
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The Inverse Fourier transform is

17 ,
) = — F(s)e ***ds
f@ = —= [ Fo)
172 /s
= T / 2 ~ (smas 7;5 o8 as) (cos sz — isin sx)ds
[ oo 0o
2 sinas — as cos as . sinas — ascosas \ .
= — 3 cos sxds — 1 3 sin sxds
T s s

Ees] —o0

[ oo
sinas — as cos as
2/< 3 >coss:z:ds+0
s

oo
sinas — as cos as
cos sxds
0

A

CRE'S

/(Slnas—ascosas> cos sods — %f(x)
0

Putx:%andazl

o0

sins — scos s s T 1
[y et~ 21()
0

73
44
:>/ sins — scoss Sd 3m
cos—ds = —
2 16
0
1—22, |z| <1 2 /sins —
3. Show that the Fourier transform of f(z) = = is 2\/> (SIHSSCOSS) . Hence deduce that
T s3
0, |z] > 1
! 2
Xsint —1 t t—1t t
f wdt . Using parseval’s identity, show that f (smﬁcos) dt = 1—7;
0
Solution:

The Fourier transform of f(z) is

oo

F(s) = F[f(x)]=\/% / f@)eseda

x?)(cos sx + i sin sz)dx

1
fo-
1
1 1
[/1—1‘ cossxdw+i/(1—x2)sinsxdx
1

-1
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1
2/ 1730 ) cos szdx + 0
0

. 1
2 SlnS.T — COS ST — S1n sx
e (-55) o (5]
. . 1
SN ST COS ST SN ST
1— 22 _9 ( ) 2
_( :c) s €z 52 + ( $3 >:|0

CcOS S sin s
[_2 L }

T Bl 8-

[\
SN

g3

2 (sins — scoss
s 53

{—scoss—&—sins]

[\

The Inverse Fourier transform is

f(=)

Put x =0

Put s=t¢

1 7 .
— F(s)e ***ds
V2T / ( )

1 /2\/5 sins — scos s ( . d
—_ — | —————— | (cos sz — isin sx)ds
Vor T s3

|-— 00 —00

9 _
2 2/<sms scoss)cossxds+0
T
L 0

sins — scos s
/( )cosswds
0

SIS

/<s1ns—sc058>cossxds 3 %f(m)
0

(sins—scoss)ds _ %f(o)

g3

o0 .
N SIns — SCOS S d ™
_—— S = —_
s3 4
0

=ds=dt

N

t—t t
/(sm cos )dt _
0

s [e%s)
2 sins — scos s . sinas —ascosas \ .
— ———5 ] cos sxds — 1 3 sin sxds
T s s
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Using Parseval’s identity

2 (sins —scoss 2
/4( ) ds
T
sins — scoss >
( ) ds
(mns— scoss)

SIHS—SCOSS

s 2
sins — scos s
— ds
s
0

= ds=dt

oo

smt—tcost
[ (=)
0

Put s=1¢

15-10+3
15

Gl ol

&l

. ) 1—2% |z| <1 %0 5in s — 5Cos § . 3
4. Find the Fourier transform of f(z) = Hence prove that f ————cosids = —.
s3 2 16
0, |z| > 1
Solution:
The Fourier transform of f(x) is
F(s) = Flf@)]=— / f@)et*nd
s) = z)| = — z)e**dx
V2T
) 1
= — l—m (cos sx + i sin sz)dx
V2T /1 )
) ri 1
= — 17:5 cossxdx+z/ 1739 sin sxdx
V2T /(
-1 Z1
) ro1
= — |2 /(1 =2*cosszdz+0
o / (1-a?)
2 | sin sx — COS ST —sinsz\]1"
= — |(1-22 — (=2 -2 [ ————
Ao (222 o (2]
_ . . 1
2 sin sz COS ST sin sz
S N 9 ( ) 2
v |t +<s3>h
2 CcoS § sin s
= /2|2 27—
w[ 2 T }
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2 [—scoss—i—sins}
T s
_ g sins — scos s
B T §3
The Inverse Fourier transform is
flx) = b F(s)e_is’”ds
V2T
1 7 [2 [sins—
= Nors / 2 - <SmsS:COSS> (cos sz — isin sz)ds
2 sins — scos s . sins —scoss\ .
= — ———5 | cos sxds — 1 ——5 |sin sxds
T s s
2 sins — scos s
= — 12 —— cos sxds + 0
T s
L 0
4 s1ns — SCOS s
flx) = — cos sxds
T
0
/(Smsscoss>cosszds :ff(:z:)
0
1
Put x = 5
7 — 1
/(sms scoss)cosgds :%f (2)
0
I\ T 3
44
o0
/ smsfscoss Sd 3T
cos — = —
Y 16
0
- 3 a—lz|, |z|<a sint
5. Find the Fourier transform of f(x) = and deduce the value of f dt and
0, |z] >a>0 ot

T(sint>4 "
0 t
Solution:

The Fourier transform of f(x) is

F(s)

!

J

a

9~ wl-
3 3

—a

1 r isx
[f(x)]—m_zo f(@)ei*= da

(a — |x|)(cos sz + isin sx)dx

a

/(a - |m|)cossxda:—|—i/(a — |z|) sin szdx

—a
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a

2/(a—x)cossxdx+0
0

| S s
( )sinsx (cossx)]a
i s 52 0
CoS sa 1
- 2 82
_ 1 —cosas
— —a

DO BN po]| B o) —
R EEE; R R

VR

-2 as
2sin 5
52
-2 as
sin® %
52

Il
o

3w

The Inverse Fourier transform is

Putx=0anda=1

f(x)

F(s)e™%ds

[\V]

—3 é\g

9~ -
3 3

s 52

\
8

o

SR
—3

— 00

sin® %2
2 2 cos sxds + 0
s
o0
sin? %
cos sxds
52
0

3

3|

T/ in2 as
/<61222>cossxds = gf(x)
0

Downloaded From

2 ( sin? £ <
— (cos sz — isin sx)ds

0— o) () <—co2ssx)]:

sin? Za \ sin? b =
5 cos sxrds — 1 5 sin sxds
s s
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Putizt = s =2t = ds = 2dt
0o . 9
sin“t
()
0
1 T sin®t
— dt
()
0
oo . 2
t
/(sm > @t
t
0
Using Parseval’s identity
JRLORE
e’} 2
2 (sin? &
(=)
T s
o0 2
8 sin? &
2/( 11122) ds
s s
0
[es) 2
8 sin? &2
/( 22> ds
s s
0
fe’s) 2
8 in? a2
/<51n22> s
s s
0
P> .2 as 2
sin® &
2
/( =2 ) ds
0
Puta=1
o0 4 s
Sin 5
/( o )ds
0
Putf:t = s=2t = ds = 2dt

2

N AN

b0l 3

7 (@) de
/a (a - |e])?da

—a

2/(a —x)?%dx
0

/(a2 — 2azx + 2°)dx
0
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. . L=zl fof <1 o (sint >
6. Find the Fourier transform of f(z) = and deduce the value of [ — dt and
0

0, |z] > 1
% /sint\*
J (> dt.
0 t

Solution:

The Fourier transform of f(z) is

F(s) =

!

1 r 18T
W)]:mlo f(@)e**da

1
/(1 — |z|)(cos sx + isin sz)dz
as]

1 1
(1 —|z|) cos sxdx —|—i/(1 — |z|) sin szdx

1 —1

1
2/(1—1:)cossxdx+0
0

RRL. L (—cosso:)]:

s 52

. 1
SIn ST COS ST
(1-2) - (= )]

3 0

T T Tl b 8- 8- d-

[\
e

The Inverse Fourier transform is

flz) = — [ F(s)e ""ds

I
ENEN
\8

/N
<
=]

(V] [\v]
Nolo
~—

o

@]

)]

@

8

IS

@

|

.
\8

VR
<
B

(V] [ V]
[NV
~—

&.

=

@

8

IS

)

I
EREN
O]
\8
VR
&,
w | =
(V] [\v]
[NV
~—
o
@]
wn
@
8
IS
&
+
(an]

=
S
N~—

Il
ERES
0\8'
/. ©
&.

w [ B
[\v] (]
N|w
~_—
o
o
wn
o
8
ISH
&
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7 SiHQ% s
/ 2 cossxds = Zf(x)
0
Put x =0
o .2 s
sin” 3 o
/( - >ds = 2(0)
0
s
= —(1
x 2 s
sin” § o7
:>/< 82 )ds = Z
0
Putgzt =s5=21 = ds = 2dt
o] . 9
sin“ ¢ T
2dt = —
[ ()2 = 3
0
1 7 sin? ¢ T
= dt = —
[ () =
0
o, 2
sint us
— ] dat = =
[(F) e -3
0
Using Parseval’s identity
[1reres = [ 1@k
—o0 —o0
v 2 (sin? 2 : /
2 _ 2
/‘%( . ) ds = [(1-1|z])%dz
—o00 —1
8 oo ¢ 9 s 2 1
1n 5 1 | 9
271_/( 2 ) ds = 2/(1—33)6195
0 0
3 00 sin2§ 2 1
/( 22> ds = /(1—2x+x2)dx
m S
0 0
8 7 sin? £ ? z?2 2
2 2
7]'/( 32 ) dS (a$2a2+3
0
0o . 2. 2
sin” 5 o 1
/( =2 ) ds = 8(1 1+3>
0
T(1
8\ 3
s
24
o0 4 s
Sin 5 _ l
/( s )ds Y
0
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Putizt = s =2t = ds = 2dt
oo .4
sin” t i
2dt = —
/(16154) 24
0
1 7 /sin®
7/ sin™ ¢t = K
8 t4 24
0
0o .4
/ sin® ¢ g = ™
t4 3
0
Lo o] <

7. Find the Fourier transform of f(z) =

Solution:

The Fourier transform of f(z) is

F(s) =

The Inverse Fourier transform is

flz) =

0, |z|>a

=

[f

a a

l—a —a
B a
= 2/cossxdx—|—0
L ©
ro. a
smsx}
s o

N[ o o) — Nl - Nl =
DTSk R E C

sin sa
s

17 ,
—_ F(s)e ***ds
v 2T / (s)

1 T 18T
”””:\/ﬂé f(@)e*wda

/(1)(cos s + isin sx)dx

) . 2
o0 t o0 t

and deduce the value of [ —SI? dt and [ <Sm > dt.
0 0

t

/ cos sxdx + 1 / sin sxdx

o0
1 / \/5[81115(1] (cos ” )
— — sr —isin sx)ds
V2T T s
[ oo

1 / (sinsa) . /oo (
— cos sxds — 1
T s

— 00 — 00

e .
2/ (Smsa) cos sxds — 0
s
L 0
/(sm sa) cos sxds
s
0

3=

SRR

) sin sxds
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sin sa T
ds = —
/( S )cossx S 2f(x)
0
Putx=0anda=1
sin s ™
P )lds = =
) - 310
0
Put s==x = ds =dx
:>/<Smx>d$ _
T 2
0
Using Parseval’s identity
[1reras = [ 1f@P
— 00 — 00

£ 9 . 2
/(smas) s

T s
22/<sinas>2ds
s s

0
9 € 2
/(smas) s
T s

0

7 sinas\ >

f(52)

s
0

Puta=1

Put s==x = ds =dx

Lo o) <2

8. Find the Fourier transform of f(z) =

0, |x|>2

[z]o
a
i
= —a
2
Vs
psdd L
5 2
™
de = =
. 2

®sinx o0
and hence evaluate [ ——dz and [ <
o ¥ 0

sinx

T

2
) dr.
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Note:
1./6‘” cosbrdr = ﬁ(acosberbsinbx)
a
2./6‘” sinbzdr = ﬁ(asinbx—bcosbx)
a
i r —ax o
3. / e “cossxdr = %(—a cos sz + ssin sx)]
0 [(—a)* +s 0
[ 1
= o~ @t
a
2 4a2
r e—ax 0
4. / e “sinsedr = |————(—asinsz — scos sx)]
/ (—a)2 + 52 o
[ 1
= |- a2+sz<‘3)}
s
- s24a?
9. Find the Fourier Transform of e~ %%, ¢ > 0.Show that Ik %ds — Ie‘“'gc‘.
o (a% 4+ s?) 2
2 2
Hence deduce that Fze=I®l] = 44/ s
7 (a? + s2)?
Solution:
The Fourier transform of f(z) is
1 r 15T
F(s) = F[f(z)] = \/7277 f(x)e™ du
= % / e~ (cos sz + i sin sx)da
2m
—00
=] =i / e~ cos szdx + i / e~ sin sedx
V2
4 L— 00 —0o0
1 oo
= — |2 [ e *cossxdr+0
V2
"L
_ [2 a
N 7 (a? + s?)
The Inverse Fourier transform is
flx) = L / F(s)e "%ds
ous
1 2 a ..
= T ;m(cos sr — isin sx)ds
— 00
1 / a d ) / a . d
= = ———<cossxds —i | —5——5sinszds
77 (a2 + s2) (a? + 52)
— 00 —o0
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a T 1
= = Q/WCOSSJ?dS—l—O
0
2a T COS ST
— d
f(l‘) T (a2—|—52) S
0
COS ST T
ds = —
/(a2+52) 5 Zaf(x)
0
oo
COS ST v
ds = —e ol
/(a2+s2) y 2a°
0
d
W Flaf(r)] = —iny FIf (@)
d |2 a
Flre—alxl Y Sl e
[ve } s 7 (a? + s?)
= —ia\/§ _71 2s
N 7w | (a? + s2)?
_ \/5 2as
- 7 (a? + s2)2
10. Find the Fourier Transform of e~1*|.Find the value of F[e~!*l cos 2z].
Solution:
The Fourier transform of f(x) is
PO = @) = = [ s
 Ver
= L/e"g”‘(cossx—I—z'sinsa:)da:
V2T
1 [ oo 0o
i =1zl 558 ] —lz] &
= e "l cossxdr + i / e "'sin szdx
V2T / }
1 r
= —— |2 [ e Fcossxdr+0
_ \/51
B m (14 s2)
W.K.T F(f(z)cosaz] = 3[F(s+a) + F(s — a)],a =2
2 1
F 2) = —_—
(s+2) \/;(1+(5+2)2)
2 1
F(s—2) = (/2"
(s=2) \/;(1+(52)2)
1 2 1 2 1
Fle-l cos2a] — \f \f
[ cos 22 2[ T0+612) Vri+e-2?
Page 15
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B 1\/5 1 N 1
T2V |s244s+5  s2—4s+5

1 [s2—4s+5+s24+4s+5
- \/ﬂ_(s2+4s+5)(52—43+5)]
1 [ 2s2+10
V2m _(52—1-5)2—(45)2]
2 I s2+5
- \/ﬂ_s4+1052+251652}

B 2 s24+5
- 7w | s —6s2+25

z, o] <a

11. Find the Fourier transform of f(z) =

Solution:

The Fourier transform of f(z) is

0, |z|>a

1 r 18T
W)]:mlo f(@)ei*rda

I
|

a

/ x(cos sx + isin sz)dx

|
e

a a

/ T cos sxdr + 1 / x sin sxdx

—a —a

0+ Qi/xsin sxdx
0

(=22 (2]

a

dle 8- - 3
o] N 3 3 3

X COS ST

|
-

sin sx
2

3|

S S 0

I
~.
SRR

[ acosas sinas
s s

Il
~.

2

CEEY)

[sinas — ascosas
s
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Fourier cosine and sine transforms

The Fourier Cosine transform of f(x) is

F.[s]

The Inverse Fourier Cosine transform is

f(x)
The Fourier Sine transform of f(z) is
Fyls]

The Inverse Fourier Sine transform is

F[f(x)] = \/z/oof(x) cos sxdx
0
\/E/OOF[S] cos sxds
0
Fy[f(z)] = \/Z/Oof(a?) sin sxdx
0

Self Reciprocal

12. Find the Fourier Cosine transform of

transform and find F, [ace_%ﬂ.

Solution:

The Fourier Cosine transform of f(x) i

F[f(z)] = \/E]of(x) cos sxdx
0
;\/27 f(z) R.p of e %dx

o>
—
»
KD
I

= R.pof

= R.opof

= R.pofe

= R.pofe

= R.pofe

R.p of —
P V2

1 _ 2.2 _ s 52
e YT e¥e T 12 e1a2 d
™
— 00

f(x) 2

s
0

22

f/F[s] sin szds

2.2 . . . .
e~ % Hence show that e~z is self reciprocal under Fourier Cosine

S

o0

1 ST
\/ﬂ/ f(z)e* dx

o0

1 —a?z? isz
e e dx
V2T /
— 00

(o)

s2

8

52 1

4a2
V2T
— 00

2
—(a222—isp— =2,
e (a Te—isT 4a2>dm

2 i 2.2 . 252
st 1 7<a x fzstrﬁ)
4a? e 2%a%/ dx
2
—0o0
oo
2 2.2
s ] (242 2axis | i%s%
4a2 (& ((Z x 2a +22a2 dl'

V2T

Downloaded From
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Now,put a =

Wkt Fzf(x)] =

13. Find the Fourier transform of e~ *° Hence show that e

z2

F {me*?]

Solution:

The Fourier transform of f(z) is

Put u =ax — —

Sl

1
V2T

1

2

' V2
Tr—OO

= du = adx
= u=—00
= u=00
92
Fc[efa%Q] = R.pofe 12 / —u?du
2 a
2 o0
s _ _u2
= R.opofe 42 5 /6 du
a L
_s2 ]
= R.pofe 4a? 7r
P a\/27rf
2
2.2 e_;ﬁ
F e a“~x —
C[ ] a\/§
82
—o? T 4(3)
F.le ¥ G
a2 2
Fc[e 2 ] = e 2
22 d [ _s2
F,ze=] = d[e 2]
s

22
2

7 f(x)e™ dx

—0o0

o
_ 2.2
/ea;vezsxdx

— 00

Downloaded From
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14.

oo
1 _ 2,2 _ 52 2
= — [ e YT e w2 era da
2w
— 00
2
— e 4 / a’x —zsw—4a2)dx
2w
2
— e 4 / a’x —zsx—l—ﬁ)
2w
2_ 2axis i252>
= e 4 1 / 2a Jr22a? dx
2w

Putu—aaz:—E = du = adx
2a
ifr=—00 = u=—00
if z =00 = u =00
2 o0
s 1 _u2du
Flf(x = € 4a2 <5
7o) N g
—oo
2 1 R
s 2
= € wW—— [ e “du
av 2w
s2 1
= e 4d2 ™
a\/27r\f
52
2
F67a212 4 e ia
[ ] o~
N t L
ow,put a = —
P V2
52
—a2 e 43)
V2
2 $2
F[e 2 ] = e 2z
. d
Wkt Flzf(2)] = —i—[F(f(2))]
22 d [ _s
Flre?| = —i— |e 2
we] = i |e7F)
_s2 [ —2s
— —1€ 2 -
(=)
52
= ise 2

N

x

Show that e~z is self reciprocal under Fourier Cosine transform.

Solution:
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The Fourier Cosine transform of f(x) is

oo

Fus) = Fc[ﬂx)}:ﬂ [ f@ycossuda

0
22 1 /2 T .
F.le =] = 2\/;/f(m)R.pofe dx

o0
1 .
= R. of—/ x)e'**dx
pof -7 f(x)
= R.pof ! e~ T Ty
' V2T

V2T
—00
= Rpofe_g L ooe_%(xQ_zzsz_SQ)d
- Vor
_s2 1 r —l( 2 —2jsx+i? 2)
= R.opofe 2 e 2
V2
_s2 1 Vi —L(z—is)
= R.pofe 2 e 2 dx
V2
7T—<><>
2 R N2
P ay 1 _(z zs)
= R.pofe 2 e \ V2 /) dx
V2T
T —1is dx
Put u = = du = —=
V2 V2
ifx=—-00 = U= —00
ifz =00 = u =00
2 1 7
Ff(z)] = Rp0f6_7\/27 e " V2du
T
2 1 <
= Rpofe_%—/e_uzdu
T
201 )
= Rpofe 2 —x
T
x2 82
Fc[677] = e 2z

22

15. Show that e~z is self reciprocal under Fourier transform.

Solution:
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The Fourier transform of f(z) is

(o) = FU@]= = [ e

o0

fﬁisx
= —2 /e 2 e dx
V4T
— 00
x° 2 2 2
N _8_ s
= —2/6 2 e"e" 2 e 2 dr
iy

— 00

—_

2

3

2 1(2_o; 2
_ e—% 1 / e—E(z —2isx—s )dx
— 00

8

2

S
= e 2

—_

e—% (J:2 —2isz+i2s? ) dr

V2T

_s2 01 7 —l(l‘—is)Q
2 e 2 dx
V2T /

= €

[e.°]

0 .
= e_§ 1 /e_(zﬁs)de
271-700

Vor

T —1is dx
Put v = = du = —=
V2 V2
if x =—o00 = U= —00
ifr =00 = u=00
Flf(z)] B | Ooe “V2du
x =3
V2T
2 1 X
= 6_%—/6_“2du
T
21
T
562 52
F[@77] = e 2

16. Find the Fourier Cosine transform of e=%".

1
17. Find the Fourier Cosine and Sine transform of z” ! Prove that 7 is self reciprocal under Fourier Cosine and
T

Sine transforms.
Solution:

The Fourier Cosine transform of f(x) is

oo

Fus) = nvunzyf/}@nwmm

0
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F.lz" ]

18. Find the Fourier Cosine Transform of f(x) =

Solution:

The Fourier Cosine transform of f(z) is

Fe(s) =

:\/Z/ f(z) cos sxdx

1
/ x cos sxdx +
Lo

(

J

1

f/

L cos sxdx

\/7 / f(z) sin sxdx

2 _
2" Lsin szdx

T

0
2T'n . nm
——sin —
T s" 2
2 F% AN\
——=sin —
T §2 4

2 — x) cos sxdx

smsx) 1) (

(
|

8

(%

sin sz

COS ST

)+

) fo-a(52) o
oo )=
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() (220) - (o )+ {o- o - (220 2) )

2 |:2COSS 1 cos2s]

s 52 52 52

2 [2cos s — (1 + cos 2s)]
77 s?

2 [2cos s — 2 cos? s]
T 2

™ 5
2 2coss
= —_ ]_ —
-2 [1 — coss]
z, 0<z <1,
19. Find the Fourier Sine Transform of f(z) =4{ 2—2, 1<z <2
0, T > 2

20. Find the Fourier Cosine and Sine transform of e~®* and Find its inversion.Also find F.[ze™ "] and Fs[re™**]
Solution:

The Fourier Cosine transform of f(x) is

F.(s)

F.[f(z)] = \/f 7f<x> cos sad
0

2 3, .
— | e **cossxdx

s
0

~ 2 a
T Vrs2+a2

The Inverse Fourier Cosine transform is

2 o0
flz) = [/Fc[s]cossmds
™
0
o0
2 2 a
= — 7WCOSSId5
™ TS
0
2a 1
= — mcossxds
T s
0
COS ST T
SO s = L
/32+a2 s 2af(x)
0
cos sz T —on
———ds = —e
52 + a2 2a

0

The Fourier Sine transform of f(z) is
2 Vi .
Fi(s) = Fs[f(x)] zq/f/f(:v)smsxdx
T
0
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2 oo
\[/e_‘” sin szdx
T
0
N
h T 82 + a2
The Inverse Fourier Cosine transform is
2 i .
flx) = 4/ f/Fs(s)) sin sxds
T
2
1/7/1/ T s1nsxds
TS

o0
2 S .
= — 5 2smsxds
™ s +a
0

ssin sz ™
/ 2 a2 = §f(95)
0
ssin sx T _ax
/ Zra® = 3
0
d
Wkt Folzf(z)] = s [Fs(f())]
—ax d —ax
F.ze *] = Tk [6 }
d |2 s
~ dsVrmstta
p 2 (82 4+ a?)(1) — s(2s)
~ Vnr (82 +a2)?
_ \/5 a? — s?
= ViErar
d
Wkt Filef(2)] = = [Fe(f(2))]
—az d —azx
Fylxze™™] = —g ke {6 }

_ 4 \Fa
- ds \ ms% + a?
2 -1
- ‘“\ﬂ [w} (25)
- \/? 2as
- 7 (82 + a?)?

Find the Fourier Cosine and Sine transform of e=%
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Half Range Parseval’s Identity

Formula:

(4) 7Fc[f(x)]Fc[g(ﬂf)]d8 = ]of(w)g(fﬂ)dx
0 0

(Zi)/oo[Fc[f(x)]]st = 7[f(w)]2dw‘
0 0

{O Rlf >]<i - / F(@)g(e)dr

o e e
o0 dz

21. Evaluate [

using transforms techniques.
o GZra)@ o7 e a

Solution:
2
W.k.t F. [e” ]
T 32 + a2
2
—bw
and F R b2
Now,
/ Elf@)Flg@)ds = [ fe)ga)do
0
T2 2 b r
. —ax —bx
/\/; +a2\/;82+b2d3 = /e e "Ydx
0 0
2ab 2 Vi
2 i ds = —(at+b)z g
T / —|—a2 )(s% + b2) R /e v
0 0
7 T e—(a+b)x R
/ ds = —
32+a2 (82 4 b2) 2ab [—(a+0)],
0
T
= —[0-1
—2ab(a +b) | ]
B 7r
~ 2ab(a+b)
7’ B 7
x? + a2 xz +62)  2ab(a+D)
0
22. Evaluate [ 2 _f 23 using transforms techniques.
b (2 +a
Solution:
2 a
Wkt F.le ] =4/————
[e=] \/;SQ + a2

Now,

/ Ff(@)]ds =
0

Downloaded From
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o] 2 2 o)
a —(ZLE
0

0
22 T 1
bl ————ds /e‘zamdx
0

7r (s2 + a?)?
0
T 672119: S
ds = —
+a2 2a% | —2a |,
0
7r
= 0-1
2a2(—2a) [ ]
_ T
T 403
o7
a:2+a2 T 4a3
0

fe%s) 2
23. Evaluate [ rdz

e t ; .
o (@2 +a?)(x? +b?) using transforms

Solution:
2 s
Wkt Fyle | =/ ————=
G \/;(92 + a2
2 S
—ba] _
and FS [e :C} = \/;524»172
o0 o0
Now, / Flf@)Flg@lds = [ f@gds
0
‘i 2 2 S r —ax —bx
/\/;sg—i—cﬁ\/;sg—i—lﬂds \~ /6 ¢
0 0
2 Ve 52 7
=" d - —(a+b)3:d
7r/(82+a2)(82+b2) 1 / 1
0 0
7 52 p 7 T 67(a+b)x o0
a1 2 [ (a+D)
0
T
: ]
—2(a+0b) [0=1]
B ™
 2(a+b)
7 R
a:2+a2 z2+b2)  2(a+b)
0
o 2
24. Evaluate { CETor using Parseval’s identity.
Solution:
2 S
Wkt Fgle | =4/ ————=
[e=] \/;,92 + a?
Now, [iwls@ras = [
0 0
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e’} 2 e’}

2 S —az\2
/(\[r+> ds = [y
0 0

2 r 52 r —2ax
0 0
® 82 T 672(19: oo
2 4 i
/(52+a2)2 ° 2{—2a]0
0
i
0—-1
2(—2a)[ ]
- T
 da
7 22dx K
) (2% +a?)? 4a
0

25. Evaluate T du
. Vi
" o (22 +4)(22 + 25)

using transforms techniques.

oo

26. Evaluate [ % using transforms Parseval’s identity method.
b (@2 +1)
< A2d\

27. Evaluate [

) m using Parseval’s identity.

fo%) 2
28. Evaluate | ———— using Parseval’s identity.
CES VR ’
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Part-A

1. State Fourier integral theorem.
Solution:

Fourier integral theorem

If f(x) is a given function defined in (—I,1) and satisfies the following conditions,

e f(x) is well defined and single valued except at finite number of points in (—I,1)

e f(x) is periodic in (—1,1)

f(x) and f'(x) are piecewise continuous in (—I,1)

[ 1f(z)|dz converges.
— 00

then f(z) = :fo_T () cos A(t — x)dtdA

El

2. State and prove Change of scale property for Fourier Transform.

Statement:

If F[f(z)] = F(s) then F[f(az)] = éF (2) La>0

Proof :

The Fourier transform of f(z) is

1 oo
Fs) = Fli@] = —= [ f@e*ds
1 r 18T
Fliea)) = —= [ flaz)eis
Put ar =t = adx = dt Ifr=-0=t=—-
d:r:ﬁ Ifz=0c0=>t=0
a

S F[faz)] = \/%/f(t)eis(i)ﬁ

a

11 [ e
= —— 1)e'(2)t gt
s [ st
1 s
= (@)
3. State and prove the Shifting Property.
If F[f(z)] = F(s) then F[f(z — a)] = e'**F(s).

Also F[e!® f(x)] = F(s +a) and Fle™ " f(x)] = F(s — a)
Proof :
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The Fourier transform of f(z) is

Putx—a=t

=dr=dt

- Flf(az)]

Now F[e"® f(z)]

Now Fle™"* f(x)]

4. If F[f(x)] = F(s) then F[f(z)cosaz]="?
Proof :

The Fourier transform of f(z) is

3

1

f(z)e" dx

8\8

f
\/%/f(x—a)e“xdx

fr=-c0o=t=—-00

Ifr=00=t=0

1 T .
- ¢ ezs(t+a)dt
IR

1
V2T

eiasF(S)

8

/ f(t)eisteiasdt

zaxf ’LS.’E dx

3k

f z(era):vdx
e

(+a)

1 . :
\/72771- / e—laff(x)elsil)dx

\/127,”_/ f(.%')ei(s_a)wd.%'
F(s—a)

ﬁ

F(s)= Flf(@)] = —— / f(@)e*rda

\/ﬂ,

o0

F[f(z)cosazx] = \/% / f(z) cos aze™*dx

o
. ;[V%/mm . +i/f dx]

eiaz + efiaa: .
Z T ) ey
2
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N | =

e e

SF(s +a) + F(s — )

5. Find the Fourier transform of f(z) = {

Solution:

The Fourier transform of f(z) is

F(s)
6. Find F.[zf(z)] and Fs[zf(x)]
Solution:

WEK.T F.[f(z)]

d
e
Fylzf(x)]
WK.T F[f(x)]

d
SAe)

ke g < x < b;

0, rz<aorxz>b

oo

1 18T
it H=ﬁm4f@k da

=
=

ezkmezsz dr

5
ft—

b

/ i(s+k) wdx

6z(s+k)z b
i(s+k)],

1 .
i(s+k)b
7w i(s+ k) {e

ﬁ\

ﬁ\

1
2
1

6i(5+k:)a:|

N

\/Z 7 ok

\/5 / F() cos seds

\/Z / F(@)( sin sz)ads
0

—F[zf(z)]

d
~ L Rf ()]

\/Z/ f(x) sin sxds

\/5 / f(z)sin sxds
2

\/> f(z) cos sxads
./

Felzf(z)]
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Felzf(x)] = —Fu[f(2)]

e*GS
7. Find the function f(x) whose sine transform is

s
Solution:

—as

Given: Fy(s) =

The Inverse Fourier Sine transform is

f(z)

2 o0
\/7/F§ sin sxds
T
0
2/6
T
0

sin sxds

Differentiating w.r.t x’

dif(=)] _ \/5 d [ oo
. — sin sxds

o0
e %3 8

(sin sx)ds

—as

cos sz - sds

\/5
71'
\/5

T
2
— | e * cos sxds
2

- |2
\/?
m a2+ x2
\/; a —|—x2
21 _1 T
a ta -
Ta

\/?
tan—
T

[
[~

1
8. Find the Fourier Sine transform of —
T

Solution:

The Fourier Sine transform is

Fy[f(@)]

2 o0
\/f/f(:c) sin sxzds
™
0
2 Ool
= 1/f/fsinsxds
m ) x

0
[S%9)

9 .
/ & [SINSRCH A ds
™ T

0
27

T2
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9. State the convolution theorem and Parseval’s identity for Fourier Transfrom.

Solution:
Convolution Theorem:

If F[f(2)]

Parseval’s identity:

I Ff(@)] = Fls) then [ [F(s)ds = [ |7(@)da

Other important questions:

1. Verify the convolution theorem under Fourier transform from f(z) = g(z) =e

Solution:

The Convolution of f(z) and g(x) is

F[f(z) * g(x)] = F(3)G(8)wereven.. (1)
where F[f(z)] = F(s) and F[g(z)] = G(s)
To find F(s)G(s)
Given f(z) = e~ and g(z) = e~
WK.T, Fle='="] = \%6_4222
Puta=1
Fle—=*] = \%e—% _ F(s)
Similarly F[eiIQ] = \%e*% = G(s)
1 2 1 52
Now F(s)G(s) = —=e 17 —e T
it
F(s)G(s) = 56 T (2)
To find F[f(x) * g(z)]
f@)egle) = o= [ Ko
_ L [ —(a—1)?
m_/ e e dt
17 o~ (P @—1)?)
] “
_ L i —(t*+a? -2zt +t%)
- *
_ L r —(2t® =2zt +2?)
- m/ ‘ “
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_ 1 /oo e—(2t2—21t+x2)e—%e% dt
V2
— 00
(EZ o0
e 2 2 2_ g2
_ —(2t* —2zxt+z 77)dt
e
V2 /
_z2 R ( )
e 2 —2(t?—2gipel o
= e 22t
V2T /
z2 o0 ( 2)
e 2 —2(t*—22t42-
= e dt
V2T /
— 0o
(EZ o0
_ & —2(t-2)?
= e 2) dt
V2 /
Putu:\/?(t—g) = du = +/2dt
if t =—00 = U= —00
z2 o0
e 2 _.2 du
f@)*gl@) = e L
V2T V2
— 00
z2 o0
e 2 o
= —— e du
v
—0oQ
z2
e 2 \/_
L T
W
2
6_%
709
22
e 2
Now FIf(r) #g(a)] = F | ]
1 (I,‘2
1 Ly
1 2
= 56_7 ........... (3)
From (2) and (3),
Ff(x) * g(z)] = F(s)G(s)
Hence Convolution theorem is verified.
Note:
The Convolution of two functions f(x) and g(x) is
1 oo
x)*xg(r) = — t)g(x —t)dt
fx) % g(x) m_{of( )g(x —1)
2. State and prove the Convolution and Parseval’s identity Theorem.
Convolution Theorem:
If F[f(x)] = F(s) and Flg(x)] = G(s) then F[f(z) x g(z)] = F(s) - G(s)
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Proof:
Flf@ o) = —= [ fla)xgla)eds

= \/%/ V%/f(t)g(m—t)dt] e dx

_ \/%/ \/% g(m_t)emdx] F(b)dt
1 o

- mé Ffte = 0] (0
1 r 18t

- mé FLf(@)]e™ ()t

— Flf@)Flg()]

= F(s)G(s)

Parseval’s identity:
If F[f(z)] = F(s) then [ |F(s)?ds= [ |f(z)*dz
Proof:

By Convolution Theorem

Fif(z)xg(x)] = F(s)G(s)
f(@)xgl@) = F'[F(s)G(s)]
\/%/f(t)g(xft)dt _ % /F(S)G(s)e’““"ds
- Put x = -
/ Fg(—t)dt = / F(s)G(s)ds
Put g(—t) = f(t) and G(s) = F(s)
/ FOFDd = / F(s)F(s)ds
[iswra = [P
é/|F(s)|2d5 = /\f(m)|2dx, Putt ==z
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0, forz <0

3. Find the Fourier integral representation of f(z) defined as f(x) = % forz=0
e ™ forx >0
Verify the representation directly at the point = 0.
Solution:
The Fourier transform is
F(s) = Flf@)]=— 7 [(@)e*d
s) = )= — r)e* dr
V2T
= — (cos sx + isin sz)dx
v Kl
0
= — * cossxdx + 1 / * sin sxdx
= [/
0 0
> F [ eE 1]
B 1+
%T +1
The Inverse Fourier transform is
/@) . RN
) = — s)e s
vV 27T
1 1 1+41s

= (cos sz — isin sx)ds

\&w \mw§+1

oo
COS Sx + ssin sx

2
27r s2+1

o0
1 COos Sx + s sin sx
= — | ————ds
T
0

s2+1
Verification:
Put z =0,
17 1
= - d
O
0
_ Zlt —1 o)
7T[zm x5
_ 1z
T2
1
) = 5
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